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ABSTRACT 

In this article, we discuss the relationship and equivalence between the intrinsic 
topologies of a partially ordered set. The main results are Theorem 1-Theorem 9. 
The interval topology is coarser than the open interval topology in a partially 
ordered set. The order topology is coarser than the open interval topology in a 
lattice. In a partially ordered set P with finite divergence, Li =  if and only if the 

limit of each L -topological convergemt net in P  is midpoint. Mathematics Subject 
Classification (2010). Primary 06F15, Secondary 20F60 
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THE INTRINSIC TOPOLOGIES OF A PARTIALLY ORDERED SET 

We discussed the intrinsic topology of lattice groups in [1], and various intrinsic topologies 
can also be defined in an ordered relationship within a partially ordered set .P   
 
In this section, we present the relationships between these intrinsic topologies. For concepts 
and symbols, please refer to [1-5]. 
 
Let P  be a partially ordered set and A  be a directed set. Using the order relationship, two 
types of order convergence can be defined in P : −1o convergence and −2o convergence. 

 

Definition 1: In a partially ordered set P , a net })({ Aff =  −1o  convergens to ，0f  

denoted as ,)(lim 01 ffo
A

=−



  

if for some A0  and ，0   there exist PqPp   ,  such 

that for any    

 

  qqfpp  )(  and }.{}{
00

0 





qpf

==  

 

Definition 2: In a partially ordered set P , a net })({ Aff =  −2o  convergens to ，0f  

denoted as ,)(lim 02 ffo
A

=−





 if let 
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then  

.0 ff QPf ==  

 
In a partially ordered set P  we have 
   

=−


01 )(lim ffo
A




.)(lim 02 ffo
A

=−





 

  
−1o convergence is introduced by Birkhoff in [9], also seen in [10] 

 

Definition 3: In a partially ordered set P , if }))(({1 Bff =  is any subnet of net 

})({ Aff = 
 then there exists a net })({   of elements in B  such that the net 

})))((({ = ff ， )( 21 −− oo convergens to ，0f we call that f  −

1o )( 2−
o convergens to ，0f  

denoted as .)(lim)( 021 ffoo
A

=−


 


  

 

From each order convergence, we can define an order topology. Let ,PF   })({ Aff =   

be a net in ,F , if ,)(lim)( 021 ffoo
A

=−





 Ff 0 , then F  is said to be −)( 21 oo closed. In [6], 

Rennie pointed out that the −1o topology and −2o  topology of a lattice are topologically 
equivalent, but in general partially ordered sets, they may not necessarily be equivalent, and 

strong convergence gives finer topologies. From − )( 21 oo convergence we can also lead to a 

topological structure, but −

2o  topology is equivalent to −2o topology. Because the subnets 

})))((({ f  of a net })({ Aff =   are still a net, −

2o closeness can be derived from 

−2o  closeness. And =−


02 )(lim ffo
A




02 )(lim ffo
A

=−


 


, therefore we can derive −2o

closeness from −

2o closeness. If a partially ordered set P satisfies the condition of Theorem 2 

in [7], then both −1o convergence and −

1o convergence lead to −1o topology. The 

convergences derived from −1o topology and −2o topology are denoted as 1t  and 2t  
respectively. 
 

Theorem 1: In a partially ordered set ，P  −

1o convergence is stronger than −1t convergence, 

−

2o convergence is stronger than −2t convergence, i.e., for any net  
 

})({ Aff =  , 

 

=−




01 )(lim ffo
A




 ，01 )(lim fft
A

=−




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=−




02 )(lim ffo
A




.)(lim 02 fft
A

=−





 

 

Proof: Only provide proof for ,1

o  and the proof for 


2o  is similar. Suppose that 

01 )(lim ffo
A

=−


 


, but )(f  does not −1t converge to 0f . Then there exists )( 0fCU 
 where ∁

)( 0f is the basic neighborhood system composed of open sets containin 0f , such that for every 

A  there exists .)(,, UfA    Let =B .})({ UfA    Then, there exists a co-

tailed subnet }))(({ Bf   of })({ Aff =  , Pf ))((  \U. By the definition of −

1o

convergence, there exists a subnet })))((({ f  of }))(({ Bf   such that 

01 )))(((lim ffo =−





, })))((({ f  P \U. Since P \U is −1o closed, 0f P \U , 

contradiction.  

 
From the above theorem, we can see that the Moore-Smith convergence of topology derived 
from order convergence in a partially ordered set is generally weaker than this type of order 
convergence.  
 
Birkhoff introduced interval topology in [9] for general partially ordered sets, which means 
taking all the intervals }|{},|{ axxbxax  and }|{ bxx   as closed set subbases and 

defining closed sets as any intersection of finite union of closed intervals. The interval 
topology is denoted as .i  
 

In a partially ordered set, an open interval topology can also be defined, denoted as ，oi  which 

means taking all the interva }|{},|{ axxbxax   and }|{ axx   as open set bases. It is easy to see 

from De Morgan formula that the interval topology and the open interval topology are 
equivalent in chains with antisymmetry [10]. But generally speaking, they are not equivalent. 
 
Theorem 2: The interval topology is coarser than the open interval topology in a partially 
ordered set .P   
 
Proof: Firstly, analyze the construction of interval topological open sets for a partially ordered 

set P . Let A  be an interval topological open set. Then ,,

a
aa

n
NnAa

IA

= where 

anI  is a closed 

interval as }|{},|{ axxbxax  and }|{ bxx  . From De Morgan formula we have 
 

.,

a
aa

a
aa

n
NnAa

n
NnAa

IIA

== ，）（  

 

In general,  ，}|{ bxax },|{}|{ bxxaxx   },|{}|{ bxxbxx  ，  ,}|{ axx }.|{ axx   In 

the interval topology, take all sets with a shape of 
,

anI as the local subbasis of points. In open 

interval topology, take open interval }|{},|{ axxbxax   and }|{ axx   as the local subbasis of 

points. If PF   is a i closed set, it can be proven that any limit point 0f of F in the open 
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interval topology belongs to .F  In fact, each set in the interval topological local subbasis of 0f  

contains a set in the open interval topological local subbasis. If 0f  is a limit point of F in the 

open interval topology, then evevry set in open interval topology local subbasis of 0f  contains 

elements in F different from 0f , hence evevry set in interval topology local subbasis of 0f  

contains elements in F different from 0f  and 0f  is a limit point of F  in the interval topology, 

Ff 0 .  

 
Frink proved in [10] that the 1o  topology of a lattice is finer than the interval topology. Below 

we will prove that topology 2o  is finer than the interval topology in a general partially 

ordered set. Because 1o  topology is finer than 2o topology , it is also find that 1o  topology is 

finer than the interval topology. 
 
Theorem 3: The 2o  topology of a partially ordered set P  is finer than the open interval 

topology.  
 
Proof: We need to prove that all closed intervals are 2o  closed. For example,

  }.|{, bxaxba =  Suppose that ==−


002 ,)(lim],,[}|)({ fffobaAf
A

 .NM =

Then, for every NnMm  ，  there exists A0  such that )(fm   n  when .0   Hence 
,, + NaMb and so ,, NaMb == i.e., ].,[0 baf    

 
Theorem 4: The order topology is coarser than the open interval topology in a lattice. 
 
Proof: Let L  be a lattice. We prove that any −2o closed subset is open interval topological 

closed. Suppose that LF   is 2o topological closed. All limit points of F in the open interval 

topology will belong to .F  Take open intervals to be oi  topological subbase of points. 
Suppose that 0f is an limit points of F in the open interval topology. Then any open interval 

),(  ba and so closed interval ],[  ba contains a point )(f different from 0f at least. Cosider 

all finite closed intervals containing .0f They form an directed set based on inclusion 

relationships, because for any two closed intervals ],[  ba and ，],[  ba we have 
],[],[  baba   ],,[  ba= wher .,  babaaa == Hence we have a net 

]},{[)(  baf ， of elements in .F Let the set of the lower endpoints of all closed intervals 

containing 0f be ，M  the set of the up endpoints of all closed intervals containing 0f be .N Then 

we have ],[  ba for any ,Ma  and ],[  ba  for any .Nb  Let ].,[],[],[  bababa =

Then, if ，],[],[)(, ,,

,,


 babaf   and so 

a .)( ,

 bf 
 0fa   for any 

.Ma   And if 

af , for all 
,a then .0

, ff   In fact, if there exists a element in 
L which greater than 

,0f  
then 0f is itself the lower endpoint of a closed intervals cotaining .0f  If there is no element 

greater than 0f in L
,then 

,f is greater than the lower end of all closed intervals containing 
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,0f
,f ，0f then

 ,00

, fff = i.e., ,0

, ff  hence
 ],( ,

off contains aelement c  of
 
F and

 
,f < ，c a 

contradiction. Therefore,we have .0ff =， Dually, we have .0 bf =  Hence, .)(lim 02 ffo =−   
Since F is −2o closed, .0 Ff   

 
Because a chain is a lattice, and interval topology and open interval topology are equivalent in 
chains with antisymmetry, it is also known from Theorem 4 that order topology and interval 
topology are equivalent in chains with antisymmetry (see [10] p.571). Corollary 2 of Theorem 
2 in [10] state that, if the i topology of a lattice L  is 2T -type, then the i topology and ordered 

topology are equivalent, and the −2o convergence and the ordered topological convergence 

are equivalent. Below, we also provide a sufficient condition for the equivalence between 
order convergence and order topological convergence. 
 
Theorem 5: In a complete chain with antisymmetry, i  topological convergence, order 
convergence, and order topological convergence are equivalent. 
 

Proof: Due to the existence of flim  and flim  for any net f  in a complete chain, −1o

convergence and −2o convergence are equivalent, and in chains with antisymmetry the order 

topology and i  topology are equivalent. Therefore, it is only necessary to prove that the i
topological convergence is equivalent to the −1o convergence. From Theorem 1 and Theorem 

3, it can be seen that the −2o convergence is stronger than the i  topological convergence. 

Now we prove that 010 )(lim)(lim ffoffi
AA

=−=−





in complete chains with 

antisymmetry.We have .}|)({)(lim 0

,, fff ==  In fact, .}|)({)( 0

,, ffn =   
Otherwisw, if for a certain ，0)(, fn  then 0)()( fnf   for .  An open interval 

containing 0f  with the upper endpoint )(n  cannot contain )(f  finally, which is 

contradictory. For { ,}|)( 0

,, ff   we can prove that  cannot be established. If {

}|)( ,,  f ,0

, ff = then an open interval containing 0f  with the lower endpoint ,f  cannot 

contain )(f  finally, and not all 0f (otherwise, there exists some = 0}|)({)( ffn 

,,f contradiction ). Hence, there exists )(f  such that ,)( 0

, fff    and an open interval 

containing 0f  with the lower endpoint )(f  contains )(f  finally, i.e., there exists 

)()(,  ff   when .   Thus ，,,, )(}|)({)( fffn =  but ,f is the supremum of 

all ，)(n  contradiction. Therefore, .}|)({ 0

,, ff =  Dually, = }|)({ ,, f ，0f  hence 

,limlim ff = and so .lim 01 ffo
A

=−


 

 
Rennie defined a lattice topology ( L topology) for a lattice in [6]. The L  topology can be 
similarly defined for general partially ordered sets. The L  topology of a chain is i  topology. 
From Theorem 4 of [5], the i  topology of a lattice is generally coarser than the L  topology. 
Mcshane defined a Dedekind topology for a partially ordered set in [11], denoted by .D  If a set 
is 1o topological closed, it is definitely Dedeking closed. In fact, let PS  and K  be a right 
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directed subset of .S  If there exists K in ，P  then ，KKo =− lim1
it follows from −1o

closness of S  that .SK  Dually, if ,K be a left directed subset of .S  If there exists ,K in 
，P  then .SK  Hence S  is Dedekingd closed. Therefore, 1o  topology is thicker than D  

topology. Frink defined an idear topology of a partial ordered set in [12], denoted by .id  Ward 
proved that idear topological convergence is stronger that i topological convergence by using 
filter, i.e., the idear topology is finer that i  topology. He also pointed that, if a partially ordered 
set P  is 2T type in i  topology and is a compact space in idear topology, then i  topology and 

idear topology are equavalent. In this case P  is a complete lattice if P is a lattice, and idear 
topology and o  topology are equivenlent. From Lemma 2 in [13] we see that idear topology 
and i  topology are equavalent. But , in general idear topology is not thicker than 2o  topology. 

There are examples to indicate that idear topology and o  topology are incomparable 
sometimes. Based on the above, we have 
 
Theorem 6: In a partially ordered set P  various intrinsic topologies have the following 
relationships:  

 
oi ,12 Dooi   
id ,12 Dooi   

 
and in a lattice  

DoiL   
,iid   .ooi   

 
EQUIVALENCE OF INTRINSIC TOPOLOGY 

According to Lemma 5 in [14], if each net of a partially ordered set P that convergens to 0f in 
i topology always contains a monotonic one-sided subnet (i.e., always 0f or 0f ), then i

topology is equivalen to D totopology. We have obtained some result regarding the condition 
of equivalence between i  topology and D topology (the order compatible uniqueness 
problem). For example, Work proved that a partially ordered set with finite divergence has a 
unique order compatible topology in [14]. Naito pointed that, If the i topology of lattice L 

satisfies the first countable axiom, then L has a unique order compatible topology. If a subnet

,.....}3,2,1|{ =ixi of a partially ordered set P satisfies the condition ....,||||.....|||| 121 +kk xxxx and 
，ji xxji 

 
then }{ ix is called a sacttered chain. If there exists a maximum number of 

elements for all scattered chainin in ,P then P  is said to be a finite scattered chain. 
 

Lemma 1: In a partially ordered set P  of finite scattered chain, if 0x is the supremum of each 

subnet of net },|{ Ax  then there exists a chain }|{ AxC    such that .0 Cx =  
 
Proof: To refute it. Let the maximun number of scattered chain elements in P  be k and 

}.|{ AxS =  According to the Kuratowski lemma, let 1C be a maximal chain in ,S  then 

10 Cx  by assumption. Therefore, it is impossible for a subnet of }|{ Ax  to be included in 
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,1C  so there exists A1 such that .C\S)( 11 xE Let )( 1xE to be included in ,2C so there 

exists A2 such that .C\()( 212 ） xx EE  Similarly, to continue, we can obtain chains

,...,...,, 21 kCCC  and ),...,(),...,(),( 21 kxxx EEE  ,such that iC is the maximum chain in )( 1−ixE  , 
and ).)(,...,,...,2,1\)()( 01 SEkiCEE xiixix == −  （ Now we take +1kx  ,\)( 1 kkx CE − then 

there exists kk Cx  such that .||1 kk xx + Since ,\)( 12 −− kkxk CEx  there exists .||, 111 −−−  kkkk xxCx

Continuing to work will yield 21,...),,...,2,1( iikiCx ii = ，
21 ii xx  and 

,||||...|||||| 1211 xxxxx kkk −+  contradiction. Therefore, there exists a chain SC   such that 
.0 Cx =   

 
Lemma 2: In a partially ordered set P  with finite divergence, if a set is −1o  convergence 

closed with respect to transfinite sequence, then it is 1o topological closed. 

 
Proof: Suppose that a subset E  of P  is −1o convergence closed with respect to transfinite 

sequence. If a net }|{ Ax  of elements in E  is −1o convergent, then .lim 01 xxo
A

=−







From 

Theorem 1, ,lim 01 xxt
A

=−





and 0lim xxi
A

=−





by Theorem 6. Because a partially ordered set of 

finite scattered chain is finite divergence, according to Lemma 4 in [14] there exists a subnet 
}|{ Bx 


of }|{ Ax  such that 0xx 


or

0xx 


for all .B Furthermore, since each 

subnet of the t-topological convergent net is i-topological convergent, from Lemma 5 in [14] 

0x is the supremun of every subnet }.|{ Bx 
  

From Lemma 1 there exists a chain C of 

}|{ Bx 


such that .0 Cx =
 Let }|{ = xC where 21  xx  if and only if .21   Hence 

.lim 01 xxo =−





By the assumption, ,0 Ex  E is 1o closed.  

 
From proof of the above lemma it is not difficult to see that, in a partially ordered set with 
finite divergence, if a set is −2o convergence closed with respect to transfinite sequence, then 

it is also −2o closed.   
 
Lemma 3: In a partially ordered set P  with finite divergence, Li   if and only if the limit of 

each −L topology convergent net in P is its midpoint.  
 

Proof: Necessity. If ,lim, 0xxLLi
A

=−



  

then .lim 0xxi
A

=−





Let 
, be the filter base connected 

to }|{ Ax  ,and 
,= be the filter generated by 

, .From [15] we see that .lim 0xi =− It 

follows from Lemma 1 in [10] that 0x is a midpoint of  and it also a midpoint of }.|{ Ax   
 
Sufficiency: Suppose that limit of each −L topological convergence net in P  is its midpoint, 
we can prove that the ordered structure of P is semi continuous with respect to the −L

topology. (The definition of semi continuity can be found in [16]). Let ,lim 0xxL
A

=−





 and 
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ax   for all .A  Since ,0 xMx  it follows from Lemma 4 and Lemma 5 in [14] that there 

exists a subnet }|{}|{ AxBx     such that }|{0 Bxx = 


(if ，}|{0 Bxx = 


the 

proof is similary). For any subnet }|{ 


x of ，}|{ Bx 


 }]|[{0 


xx because of 

.lim 0xxL =−
 


  

Hence }.|{0 = 


xx  From Lemma 6 in [14] , there exists a updirected 

subset }|{ BxM  


such that .0 Mx =
 Let }|{ = xM  where 

21  xx  if and only if 

.21   Then ,lim 01 xxo =−





and so 0lim xxi =−



  by Theorem 6. Since ax   and the ordered 

structure of P is semi continuous with respect to interval topology, .0 ax   This proves that 

the ordered structure of P is semi continuous with respect to L topology. The interval 
topology is the coarsest topology that makes the ordered structure of P is semi continuous 
([16]), so .Li   
 
Further, we have 
 
Theorem 7: In a partially ordered set P with finite divergence, Li =  if and only if the limit of 

each L -topological convergemt net in P  is midpoint.  
 

Proof: Ncessity is clear. Now we prove sufficiency. Because a partially ordered set of finite 

scattered chain is finite divergence, so Li  by Lemma 3. Now we prove .Li   Let PE  be L  
topological closed, and ,}|{ EAx  .lim 0xxi

A
=−





It can be assumed that .0xx   From 

Lemma 4 in [14], there exists A1 such that every element of the truncated subnet )( 1xE of 
}|{ Ax  canbe comparable to .0x This trucated subnet is taken as }|{ Ax  itself. Hence 

there exists a subnet }|{ Bx 


of }|{ Ax   such that 
0xx 


(the case of

 0xx 


 is 

similar), and so 
0lim xxi

B
=−

 
and 0x is amidpoint of }.|{ Bx 


From Lemma 5 in [14], 

}.|{0 Bxx = 


Since every subnet of }|{ Bx 


is i topological convergent, 0x is the 

supermum of every subnet of }.|{ Bx 


From Lemma 1, there existsa chain
 

21}(|{  = xC if and only if )
21  xx  such that .0 Cx = Therefore, .lim 01 xxo =−





 

From the L  closeness of E , .0 Ex    

 
In a partially ordered set P  , if the number of elements that are incomparable to every 
element is finite, then P  is said to be locally finite divergence.  
 
Theorem 8: In a locally finite divergence partially ordered set P , .oii =  
 
Proof: From Theorem 2 we ned to prove .oii  Now we analyze the structure of oi topological 

closed set. If PF  is oi  closed, then ,\



n

NnA
IFP


= where n

I is a open interval ),[ x or 

].,( →x Then ),\(



n

NnA
IPF


= where n

IP \ is a subnet shaped like ]|||{],( xyyx →  or 
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}.|||{),[ xyyx  Since }|||{ xyy is finite, these sets are i  topological closed. Therefore F is i
 

topological closed.  
 
Finally, let us discuss the relationship between order convergence and open interval 
topological convergence. 
 
Theorem 9: In a conditionally complete partially ordered set P , for any net ，}|{ Ax   

.limlim 010 xxoxxoi
AA

=−=−








 

 

Proof: Suppose that 0lim xxoi
A

=−





and 0x is an oi
 topoligical neighborhood system of 0x

[17]. If ,),(
0xba  then there exists A0 such that ),( bax  when .0  Let )( xEp =

and )( xEq = when .0  If ,  then . qqxpp  From Theorem 2, 
.lim 0xxi

A
=−





It follows from 2.2 in [15] that the filter generated by the filter base connected 

by }|{ Ax  is interval topological convergent. From Lemma 1 in [7], 0x is a midpoint of

}.|{ Ax   Hence .0  qxp  Let },{},{
00

21 





qxpx

== then 201 xxx  and there exists

A, such that ),( 21 xxx  when .，  At this point, .)( 1xEp x =  Hence .01 xx =

Similarly, .02 xx = Therefore, .lim 01 xxo
A

=−





 
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