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ABSTRACT
In this article, we discuss the relationship and equivalence between the intrinsic
topologies of a partially ordered set. The main results are Theorem 1-Theorem 9.
The interval topology is coarser than the open interval topology in a partially
ordered set. The order topology is coarser than the open interval topology in a
lattice. In a partially ordered set P with finite divergence, | =L if and only if the

limit of each L -topological convergemt net in P is midpoint. Mathematics Subject
Classification (2010). Primary 06F15, Secondary 20F60
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THE INTRINSIC TOPOLOGIES OF A PARTIALLY ORDERED SET
We discussed the intrinsic topology of lattice groups in [1], and various intrinsic topologies
can also be defined in an ordered relationship within a partially ordered set P.

In this section, we present the relationships between these intrinsic topologies. For concepts
and symbols, please refer to [1-5].

Let P be a partially ordered set and A be a directed set. Using the order relationship, two
types of order convergence can be defined in P : 0, — convergence and 0, — convergence.

Definition 1: In a partially ordered set P, a net f:{f(a)|aeA} o, — convergens to f;
denoted as o, —lim f(a) = f,, if for some &% €A and @ >y there exist P, €P.d, €P such

that forany S22«

P. <Ps=f(f)=<0,<q, and fo= v {p.}= A {4}

Definition 2: In a partially ordered set P, a net f ={f(a)|a € A}0,— convergens to f;
denoted as 0, — Iig/l f(a) =1, iflet

[24
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P, ={pePPa,eAaza,= p< f(a)},
Q; ={qe P|3a0 eAa>2a,=q2 f(a)},

then
f, =VvP; =AQ;.

In a partially ordered set P we have

o,~lim f (@) = f, = 0, ~lim f (@) = ,.

aeA
0, — convergence is introduced by Birkhoff in [9], also seen in [10]

Definition 3: In a partially ordered set P, if f, ={f(a(8))f<B}is any subnet of net
f ={f(a)ja € A} then there exists a net {B(7)|7 €T} of elements in B such that the net
fr={f (a(ﬁ(y)))|y eIl'} 0, —(0,—) convergens to fy, we call that f o, — (0,—) convergens to f

denoted as 0; (0;) — L'{gll f(a)=f,.

From each order convergence, we can define an order topology. Let F < P, f ={f (05)|05 €A}
be a net in F,, if 01(02)"052\ f(a)=",, f,eF, then F is said to be 0,(0;) —closed. In [6],
Rennie pointed out that the 0, —topology and O, — topology of a lattice are topologically
equivalent, but in general partially ordered sets, they may not necessarily be equivalent, and
strong convergence gives finer topologies. From 0; (0;)—convergence we can also lead to a
topological structure, but 0, - topology is equivalent to 0, —topology. Because the subnets
{f (a(ﬂ(J/)))b/ €l'} of anet f={f (05)|05 € A} are still a net, 0; — closeness can be derived from
0, — closeness. And 0, —Eg)\ f(a)=f,= o, _Ic!g/l f(a)=1,, therefore we can derive 0, -

closeness from 0, — closeness. If a partially ordered set P satisfies the condition of Theorem 2
in [7], then both O, — convergence and O; — convergence lead to O, — topology. The

convergences derived from O, — topology and O, — topology are denoted as t; and t,
respectively.

Theorem 1: In a partially ordered set P> o — convergence is stronger than U, —convergence,

* - -
0, — convergence is stronger than t, — convergence, i.e., for any net

f={f(@)acA},

o] ~lim f () = fy = t,~lim f (@) =

URL: http://dx.doi.org/10.14738/aivp.1305.19428 211



European Journal of Applied Sciences (EJAS) Vol. 13, Issue 05, October-2025

o;‘—lin)\ fl(a)=1,= t2—lirr)\ f(a)=f,.
Proof: Only provide proof for O/, and the proof for O, is similar. Suppose that
0/ — L!g/l f(a)=f;, but f(a) does not t; —converge to f;. Then there exists U € C(f;) where C

(fo) is the basic neighborhood system composed of open sets containin fy, such that for every
a € A there exists BeAf2a,f(f)eU. LetB={f¢ Al f(B) ¢U}. Then, there exists a co-
tailed subnet {f (a(ﬁ))w € B} of f ={f (05)|05 € A}, f(a(p))eP\U. By the definition of 0; —
convergence, there exists a subnet {f(a(B()))r eI} of {f(a(p))feB} such that
0, —Iyierp fa(BO)) =1, {f(@(B())reT} < P\U. Since P\U is 0,— closed, f, €P\U ,

contradiction. 1

From the above theorem, we can see that the Moore-Smith convergence of topology derived
from order convergence in a partially ordered set is generally weaker than this type of order
convergence.

Birkhoff introduced interval topology in [9] for general partially ordered sets, which means
taking all the intervals {x|a<x<b}{x|x<a}and {X|x>b} as closed set subbases and

defining closed sets as any intersection of finite union of closed intervals. The interval
topology is denoted as i.

In a partially ordered set, an open interval topology can also be defined, denoted asoi, which
means taking all the interva {x | a(x{b},{X| x(a} and {x| X)a} as open set bases. It is easy to see

from De Morgan formula that the interval topology and the open interval topology are
equivalent in chains with antisymmetry [10]. But generally speaking, they are not equivalent.

Theorem 2: The interval topology is coarser than the open interval topology in a partially
ordered set P.

Proof: Firstly, analyze the construction of interval topological open sets for a partially ordered
set P. Let A be an interval topological open set. Then A =" U l,..where |, is a closed

acAn,eN,

interval as {X|a<x<b},{x|x<a}and {x|X=Db}. From De Morgan formula we have

A=(n U IL)=uU N I .

acAn,eN, 2 acAn,eN, @
In general, {X|a<x<b} o {x|x@u{x|x)b}, {x|x<b} o{x|x)b}, {x|x=a} o {x|x@}. In
the interval topology, take all sets with a shape of I, as the local subbasis of points. In open

interval topology, take open interval {X|a(x(b},{x|x(a} and {X|X)a} as the local subbasis of
points. If F =P is a iclosed set, it can be proven that any limit point f,of Fin the open
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interval topology belongs to F. In fact, each set in the interval topological local subbasis of f,
contains a set in the open interval topological local subbasis. If f is a limit point of F in the
open interval topology, then evevry set in open interval topology local subbasis of f, contains
elements in F different from f,, hence evevry set in interval topology local subbasis of f,

contains elements in F different from f, and f; is a limit point of F in the interval topology,
f,eF. 0O

Frink proved in [10] that the o, topology of a lattice is finer than the interval topology. Below
we will prove that topology o0, is finer than the interval topology in a general partially
ordered set. Because 0, topology is finer than o,topology , it is also find that o, topology is
finer than the interval topology.

Theorem 3: The o, topology of a partially ordered set P is finer than the open interval
topology.

Proof: We need to prove that all closed intervals are o0, closed. For example,
[a,b]={x]a<x<b}. Suppose that {f(a)|aeAtc[a,b],0,—lim f(a)="f, f,= vM=AaAN.

aeA

Then, for every meM, ne N there exists ¢, € A such thatm< f(a) <n when a > ¢,. Hence
beM=*aeN" andso b=vM,a=xN,i.e, f, e[a,b]. O

Theorem 4: The order topology is coarser than the open interval topology in a lattice.

Proof: Let L be a lattice. We prove that any o, —closed subset is open interval topological
closed. Suppose that F c L is o, topological closed. All limit points of F in the open interval

topology will belong to F. Take open intervals to be oi topological subbase of points.
Suppose that f,is an limit points of F in the open interval topology. Then any open interval

(a,,b,) and so closed interval [a,,b,]contains a point f (&) different from f;at least. Cosider
all finite closed intervals containing f,. They form an directed set based on inclusion
relationships, because for any two closed intervals [a,,b,] and [a,,b;], we have
[a,.b,]1n[a,,b,]  =[a,b;], wher a =a,va,b =a, Ab,. Hence we have a net
f(a)a e{[a,.b,]}of elements in F.Let the set of the lower endpoints of all closed intervals
containing f,be M, the set of the up endpoints of all closed intervals containing f;be N.Then
we have [a,,b,]for any a, e M,and [a,,b,] for any b, e N.Let [a,,b,]n[a,,b,]=[a,,b,].
Then, ify >, f(y)ela, b ]c[a, b and so a, < f(y)<b,. a,<f, for any a, M. And if
f'>a,for all a,,then f'> f,. In fact, if there exists a element in L which greater than f,
then f,is itself the lower endpoint of a closed intervals cotaining f,. If there is no element

greater than f;in L then f'is greater than the lower end of all closed intervals containing
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fo, f'# fthen frv f =1, ie, f(f,, hence (f', f ] contains aelement ¢ of F and f'_c,a

contradiction. Therefore,we have f' = f,.Dually, we have f, = Ab,. Hence, 0, —lim f () = f,.
Since F is 0, —closed, f, e F.Od

Because a chain is a lattice, and interval topology and open interval topology are equivalent in
chains with antisymmetry, it is also known from Theorem 4 that order topology and interval
topology are equivalent in chains with antisymmetry (see [10] p.571). Corollary 2 of Theorem
2 in [10] state that, if the itopology of a lattice L is T, -type, then the i topology and ordered

topology are equivalent, and the o, — convergence and the ordered topological convergence

are equivalent. Below, we also provide a sufficient condition for the equivalence between
order convergence and order topological convergence.

Theorem 5: In a complete chain with antisymmetry, i topological convergence, order
convergence, and order topological convergence are equivalent.

Proof: Due to the existence of lim f and lim f for any net f in a complete chain, o, —

convergence and 0, — convergence are equivalent, and in chains with antisymmetry the order

topology and i topology are equivalent. Therefore, it is only necessary to prove that the i
topological convergence is equivalent to the o, — convergence. From Theorem 1 and Theorem

3, it can be seen that the o0, — convergence is stronger than the i topological convergence.
Now we prove that i—IDiLr/l fla)=1,= ol—laig f(a)=1, in complete chains with
antisymmetry.We have limf (a) =\v{rf(a’)|a > a}= f,.In fact, n(a) = {f(a')|a' 2 a}< f,.
Otherwisw, if for a certain g,n(B))f, then f(a)=n(p))f, for ¢ > . An open interval
containing f, with the upper endpoint n(f) cannot contain f(«) finally, which is
contradictory. For v{a f(a’)|a > a}< f,, we can prove that ( cannot be established. If v{a
f(a)|a 2a} = f(f, then an open interval containing f, with the lower endpoint f' cannot
contain f () finally, and not all ) f, (otherwise, there exists some n(f) = A{f(a)|a > g}> f,)
) ', contradiction ). Hence, there exists f(&) such that f')f (a) f,, and an open interval
containing f, with the lower endpoint f(a) contains f(«) finally, i.e., there exists
B, f(a)) f () whena > B. Thus n(B) = A{f(a')|a = B}=> f(a)) f, but f'is the supremum of
all n(f), contradiction. Therefore, v{Af(a’)|a)a}= f,.Dually, A{v f(a’)|a)a}= f, hence

limf =1im f ,and so o, —lim f = f,.0J

achA

Rennie defined a lattice topology (L topology) for a lattice in [6]. The L topology can be
similarly defined for general partially ordered sets. The L topology of a chain is i topology.
From Theorem 4 of [5], the i topology of a lattice is generally coarser than the L topology.
Mcshane defined a Dedekind topology for a partially ordered set in [11], denoted by D. If a set
is o, topological closed, it is definitely Dedeking closed. In fact, let S Pand K be a right
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directed subset of S. If there exists vKin P, then o, —lim K =vK, it follows from o, -

closness of S that v K €S. Dually, if K'be a left directed subset of S. If there exists A K'in
P, then AK €S. Hence S is Dedekingd closed. Therefore, o, topology is thicker than D
topology. Frink defined an idear topology of a partial ordered set in [12], denoted by id. Ward
proved that idear topological convergence is stronger that i topological convergence by using
filter, i.e., the idear topology is finer that i topology. He also pointed that, if a partially ordered
set P is T, type in i topology and is a compact space in idear topology, then i topology and
idear topology are equavalent. In this case P is a complete lattice if P is a lattice, and idear
topology and 0 topology are equivenlent. From Lemma 2 in [13] we see that idear topology
and i topology are equavalent. But, in general idear topology is not thicker than o, topology.
There are examples to indicate that idear topology and 0 topology are incomparable
sometimes. Based on the above, we have

Theorem 6: In a partially ordered set P various intrinsic topologies have the following
relationships:

and in a lattice

EQUIVALENCE OF INTRINSIC TOPOLOGY
According to Lemma 5 in [14], if each net of a partially ordered set P that convergens to f,in
i topology always contains a monotonic one-sided subnet (i.e., always < f,or> f;), then i

topology is equivalen to D totopology. We have obtained some result regarding the condition
of equivalence between | topology and D topology (the order compatible uniqueness

problem). For example, Work proved v, 5 partially ordered set with finite divergence has a

unique order compatible topology in [14]. Naito pointed that, If the i topology of lattice L

satisfies the first countable axiom, then L has a unique order compatible topology. If a Subnet

{x [1=12_3,.....}of a partially ordered set P satisfies the condition X, || X, ||.... X, || Xc.; || -...,and
I # ] =X #X;, then {X}is called a sacttered chain. If there exists a maximum number of

elements for all scattered chainin in P, then P is said to be a finite scattered chain.

Lemma 1: In a partially ordered set P of finite scattered chain, if X, is the supremum of each
subnet of net{x, | « € A}, then there exists a chain C c {x, | @ € A} such that x, =VvC.

Proof: To refute it. Let the maximun number of scattered chain elements in P be k and
S ={X, |« € A}.According to the Kuratowski lemma, let C,be a maximal chain inS, then

X, # vC, by assumption. Therefore, it is impossible for a subnet of {x_ | @ € A}to be included in
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C,, so there exists a, € Asuch thatE (o) cS\C,.Let E (o) to be included in C,,so there
exists a, € Asuch that E,(«,) c E,(e)\C,. Similarly, to continue, we can obtain chains
C,.C,,...C,,... and E (o)), Ex(az),...,Ex(ak),...,,such that C,is the maximum chain in Ex(ai_l)’
and E () cE (o )\C(i=12,..k,.. ,E(o,)=S). Now we take X, ,€ E, (o, ,)\C,, then
there exists x, € C, such thatx,,, || X,. Since x, € E, (e, ,)\C, ,,there exists X, ; €C, ;, X || X, -
Continuing  to  work  will yield xeC(i=12..k,..)i=i, =X #X, and
Xeor I X I Xy |-+ 1l X, || X;, contradiction. Therefore, there exists a chain C< S such that
X,=vC.O

Lemma 2: In a partially ordered set P with finite divergence, if a set is 0, — convergence
closed with respect to transfinite sequence, then it is o, topological closed.

Proof: Suppose that a subset E of P is o, — convergence closed with respect to transfinite
sequence. If a net {x, | @ € A}of elements in E is 0, — convergent, then o] —IirT/l X, = X,. From

Theorem 1, t, - Iirr/l X, = X,,and 1— Iin)\ X, = X, by Theorem 6. Because a partially ordered set of

finite scattered chain is finite divergence, according to Lemma 4 in [14] there exists a subnet
{x,, | B € B}of {x, |a € A}such that X, <X0rX, =X for all p € B.Furthermore, since each

subnet of the t-topological convergent net is i-topological convergent, from Lemma 5 in [14]
X,is the supremun of every subnet {xaﬁ | # € B}. From Lemma 1 there exists a chain C of

{x,, | B eB}such that x, =vC. Let C ={Xs |6 € A}where X; <X if and only if 6, <&, Hence

0, _Iglrf]\ X; = X,. By the assumption, X, € E, E is o, closed. [J

From proof of the above lemma it is not difficult to see that, in a partially ordered set with
finite divergence, if a set is0, — convergence closed with respect to transfinite sequence, then

itis also o, —closed.

Lemma 3: In a partially ordered set P with finite divergence, i 2L if and only if the limit of
each L —topology convergent net in P is its midpoint.

Proof: Necessity. Ifi > L,L - Iirr)\ X, = X,, then i— Iinl X, = X,- Let W' be the filter base connected

ae

to {x,|a € A} and ¥ = ¥ be the filter generated by V" From [15] we see that i —lim ¥ = X,. It
follows from Lemma 1 in [10] that X,is a midpoint of ¥ and it also a midpoint of {X, | @ € A}.
Sufficiency: Suppose that limit of each L —topological convergence net in P is its midpoint,

we can prove that the ordered structure of P is semi continuous with respect to the L—
topology. (The definition of semi continuity can be found in [16]). Let L_Iin/l X, = X, and
ae
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X, = a for all & € A Since x, € M, it follows from Lemma 4 and Lemma 5 in [14] that there
exists a subnet {X% | B € By {x, | @ € A} such that x, = v{xaﬂ | g€ B}(if x, = /\{xaﬂ | B € B}, the
proof is similary). For any subnet{Xaﬁ' | y €T} of {x,, 1B} % €l{x, |re I'}]" because of

L—limx, = Xx,. Hence X, :v{xaﬁ | €'}, From Lemma 6 in [14] , there exists a updirected
yell 7 14

subset M g{xaﬁ | € B}such thatx, =vM. LetM ={x; |5 € A} where X; <X; if and only if
6, <5,.Then 0, - Ibm)x X5 = Xg,and so 1 — 'ﬂ X; = X, by Theorem 6. Since X; > a and the ordered

structure of P is semi continuous with respect to interval topology, X, > a. This proves that

the ordered structure of P is semi continuous with respect to L topology. The interval
topology is the coarsest topology that makes the ordered structure of P is semi continuous
([16]),s0i>L.0O

Further, we have

Theorem 7: In a partially ordered set P with finite divergence, i =L if and only if the limit of
each L -topological convergemt netin P is midpoint.

Proof: Ncessity is clear. Now we prove sufficiency. Because a partially ordered set of finite
scattered chain is finite divergence, so i > Lby Lemma 3. Now we prove i <L. LetE c Pbe L

topological closed, and {x,|a € A}c E, i—IirT)\ X, = X,.It can be assumed that X, # X,. From
ae

Lemma 4 in [14], there exists ¢, € Asuch that every element of the truncated subnet E, () of
{X, | @ € A}canbe comparable to X,.This trucated subnet is taken as {x, |« € A}itself. Hence
there exists a subnet {X, |f e B}of {x, | € A} such that X,, <X (the case of x, >Xx, is

similar), and so i—Iligg§ X,, =X,and X,is amidpoint of{x, | S e B}.From Lemma 5 in [14],
X, =v{xaﬁ | # € B}. Since every subnet of {xaﬂ | B B}is itopological convergent, x,is the
supermum of every subnet of {xaﬁ | B} From Lemma 1, there existsa chain
C={X;16 €A}, <5,if and only if X; <X, )such that X, =vC.Therefore, 0, —Iﬁierm X5 = Xo-

From the L closeness of E, x, € E. O

In a partially ordered set P , if the number of elements that are incomparable to every
element is finite, then P is said to be locally finite divergence.

Theorem 8: In a locally finite divergence partially ordered set P, i =o0i.

Proof: From Theorem 2 we ned to prove i <0i.Now we analyze the structure of 0i topological
closed set. If F < Pis 0i closed, then P\F=uU N where Ina is a open interval [« X) or

I,
aeAn,eN,

(X,—>].Then F = n Y (P\1, ), where P\l is a subnet shaped like (X,—>]U{y|Yy|/X] or
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[«—,X)U{y| Y|l X} Since{y | y|| X}is finite, these sets are i topological closed. Therefore F is i
topological closed. [J

Finally, let us discuss the relationship between order convergence and open interval
topological convergence.

Theorem 9: In a conditionally complete partially ordered set P, for any net {x, |a € A}
oi —lim x, =X, =0, —lim x, = X,.

aehA aehA

Proof: Suppose that 0i —IirT)\ X, =X%;and Y, is an 0i topoligical neighborhood system of X,

[17]. If (a,b) €Y, , then there exists o, € Asuch that x, € (a,b) when a > a,.Letp, = AE,(a)
and g, =VE,(2) when a>a, If a<p, then p,<p,<Xx;<q,<q,. From Theorem 2,

i—lim x, = X,.It follows from 2.2 in [15] that the filter generated by the filter base connected

aehA

by {Xx, | @ € A}is interval topological convergent. From Lemma 1 in [7], X,is a midpoint of
{x, |a € A}. Hence p, <x,<0q,.Let x, = v {p,}. X, = A {q,}, then x, <x, <X,and there exists

a € A such that x, € (X,X,) when a>a’. At this point, p, =AE (a)>X,. Hence X, =X,.

Similarly, x, = X,. Therefore, 0, — |in/1 X, =X%,.00
ae
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