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ABSTRACT
In this article, we prove that initial value problem associated to the non-
homogeneous n-th order equation in periodic Sobolev spaces with n multiple of four
has alocal solution in [0, T] with T > 0, and the solution has continuous dependence
with respect to the initial data and the non-homogeneous part of the problem. We
do this in a intuitive way using Fourier theory and introducing a C,- Semigroup
inspired by the work of Iorio [1] and Santiago [5].
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INTRODUCTION
First, we want to comment that from Theorem 3.1 in [6], we have that the homogeneous
problem is globally well posed and, in addition to the equality (3.2) in [6], we have the
continuous dependence of the solution of homogeneous problem respect to the initial data.

In this work, in Theorem 3.2 we will prove the existence and uniqueness of the local solution
for the non-homogeneous problem and from inequality (3.8) we will get the continuous
dependence of the solution with respect to the initial data and respect to the non-homogeneous
part.

Thus, in both homogeneous and non-homogeneous cases, the estimatives are made from the
explicit form of the solution, that is, by applying the Fourier transform to the respective
equation. We cite some works about n-th order equation [1], [6] and for dissipative properties
of systems [2].

Our article is organized as follows. In section 2, we indicate the methodology used and cite the
references used. In section 3, we proved the main results for the non-homogeneous even order
equation. Finally, in section 4, we give the conclusions of our study.
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METHODOLOGY
As a theoretical framework in this article, we use the existence and regularity results of [6].
Also, we use the references [1], [4], [5], [6], [7] and [3] for the Fourier theory in periodic Sobolev
spaces, and differential and integral calculus in Banach spaces.

MAIN RESULTS
Using the Fourier transform, we will prove that the non-homogeneous problem has a unique
solution and it continuously depends respect to the initial data and the non homogeneity in
compact intervals. Remember that the homogeneous problem (F=0) is dissipative; see [6].

The Non-homogeneous Problem (P ) is Locally Well Posed

Theorem 3.1 Let s a fixed real number, n an even number multiple of four, F € C([O, T], H;er),
where T>0, {S(t)};cr the semigroup of class C, of homogeneous case (F = 0), introduced in the
Theorem 3.2 from [6], and

t

Uy (t): = f S(t —1)F(1)dr.
0
Thenw, € C([0,T], Hyer) N CY([0,T], H3z?) and satisfies

deu, + 0xuy = F(t) € Hpgt

3.1
u,(0) =0 (3.1)
with the derivative given by
lim || 4 o, — F(o)|| - =o. 3.2)
h—0 s—n

Proof: We remark that S(t — t)F(t) € Hp.p, VT € (0,t) and 7 — 5(t — 7)F(7) is continuous in
[y S(t — DF()de

u,y(t) =
|| up (& + h) —uy () ||S — 0 when h - 0.

[0, t] then exists H3., . Now, we will prove u, € C([0,T], Hj,,) , that is,

Leth >0

t+h t
u,(t+h) —u,(t) = J;) S(t+h—1)F(r)dt — L S(t—1)F(r)dt

= ft{S(t +h—1)—-S(t—1)}F(1)dt
0

t+h
+f S(t+h—1)F(1)dt
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taking the norm |- || we obtain

||lu, (£ + B) — up(t)||s <

f S+ h— ) — S(t — DIF(D)dr

S

11;—

t+h
+ f S(t+h—1)F(1)dt

S

12:=

Using the M-Test of Weierstrass we get

t
L < f||S(t+h—T)F(T)—S(t—T)F(T)”SdT
0

IA

€ j‘td _ et B
2T ), T 2t T ot T 2
since 36 > 0 such that:
if |h| <& then [IS(t+h—DF () =St -DF@lls < 5=, V€ (0,1).

Using the mean value Theorem in Hy., we obtain

1 t+h

Ef S(t+h—17)F(r)dt - S(0)F(t) = F(t)

t

when h — 0.Then

t+h 1 t+h
] S(t+h—r)F(r)dT=@-ﬁj St+h—7F(t)dt - 0
t t

-0

—>F(t)

when h — 0.So, we have

t+h
j St+h—1)F(t)dt|| -0
t

12=
N

when h - 0. Thatis [, < g whenever |h| < §*.

Therefore, |up(t +h)— up(t)”S < I, + I, < € whenever |h| < min{§,5"}.

From definition of u,(t) we have u,(0) =0.

Now, we will prove that 3 d,u,(t) in Hy." . In effect
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Uy (t + h) —uy(t)
h

S(t— T)F(T)dl’}

1 t+h
=— S h—1)F(t)dr —
h{j;) (t+ T)F(1)dt j;
t+h

=l{f {S(t-l—h—T)F(T)—S(t—T)F(T)}dT+f S(t+h—r)F(r)dr}
h{Jo t

t+h

1 t
- Ef (S(t + h— DF (@) — S(t — DF(@)} dt + Ef S(t+h - DF (@)dx.
0 t
Using the mean value Theorem in Hyz;* , we obtain
1 t+h
B f St+h—1F(t)dt — S0)F(t) = F(t) (3.3)
t

when h —» 0.

Since
St+h—17F()—-S{t—1)F(1)
h

converges uniformly to 9.{S(t — T)F (1)} in Hy* V7 € [0, t], we obtain that

J‘tS(t +h—17)F(1t) - S({t—1)F(1)
A dt
0

converges to fot 0.{S(t —1t)F(1)}dt when h > 0.
Now, we remark that 0,{S(t — ©)F(7)} = (—95)S(t — ©)F(7) in Hy;".

Since (-d)}) is a closed operator, then

t t
j (—0MS(t — ©)F(1)dt = (—0D) f S(t — t)F () dr.
0 0

Therefore,
f 0{S(t — 1)F (1)} dt = (-0} f S(t—1)F(7) dr.
0 0

Up )=

That is,

JtS(t th-DF@-SE-DF@ | (—0M)u,(t) 349
0

h
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when h = 0.
Finally, in Hpz , using (3.3) and (3.4) we get
U, (t+h) —u,(t
3 lim » )~ (1)

h—-0 h
Oruy(t)=

= (=0)up, () + F ().

Thatis, 3 d,u,(t) and italso satisfies d,u,(t) = (—95)u,(t) + F(¢).
Using that |05 f|ls—m < lIflls, Ym € Z*, V f € Hp,,, we obtain

|0cu, (t + h) — atup(t)||s_n

= [[(=0Du, (t + B) + F(t + h) = {(=0)u, (&) + FO}|| _
< NF(E+h) = F®llson + |(=00){ wp (¢ + 1) =, O _
= IF(t+h) = F®lls—n + [|07{ 1w, (t + B) — 1, (1)}
<|IF(t+h) = F@®)lls—n + || up(t + h) — up(t)||S .

-

So, since u,(t) € Hyey © Hjpt oo C H;;r(n_l) C Hyz* , we have F:[0,T] - Hy. is
continuous and as u,:[0,T] - Hj,, is continuous, then d,u,:[0,T] — Hz." is continuous, that

is, 0;up € C([0,T], Hytt

Ther8f0re, up € C([O; T]) Hi;er) N Cl ([0' T]’ H;;’n
|

Theorem 3.2 Let s a fixed real number, n an even number multiple of four, ¢ € H,,,, F €
([0, T1, H,), where T>0 and {S(t)};s the semigroup of class C, in Hg,, as in Theorem 3.1,
then

The function
¢

uf () =St + J St —1)F(7) dr, t €[0,T] (3.5)
0

up(t)=
belongs to C([0,T], Hyer) N C*([0,T], Hyz*) and

uf'(t) is the unique solution of

(pFy [we T O<u=F(t) € Hpo! (3.6)
u) =¢

with the derivative given by
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u(t + h) —u(t)
h

+ dju—F(t)

= 0. (3.7)

s—n

h—0

Let Y; € Hper, Fj € C([O, T],H;er), j =1,2. The map 3 — uis continuous in the following
sense. Let u; and u, the corresponding solutions to initial data y; and ,, and with non
homogeneity F; and F, respectively. Then

lluy (6) — uz(Olls
supeeqorllun (8) — u2 (O)lls

||u1—u2||oo,s=

10¢u1 () = Ouz (D)l s—n

Y1 = Yalls + TIIFy — F2llos, t€[0,T],  (3.8)

<
< 1 =alls + TIIFL = Falleo s (3.9)

< (@) = uOlls + IFy = Falleo s t € [0,T],
S lus = Uzlleos + 11F1 = Folloogs
S 1 = Walloos + (T + DIIF; = Folleos (3.10)

where we have used the notation
Ihlleor = supieror IOl h € C([0,T], Hyer). (3.11)

Proof: Previously, we will proceed to obtain the candidate solution of (PF). To achieve this, we
apply the Fourier transform to the non-homogeneous equation (Pf)

du(t) + d7u(t) = F(t),

and obtain
d.t(k,t) + k™i(k, t) = F(k, t),

that for each k € Z, it is a non-homogeneous ordinary differential equation with initial data
u(k,0) = ¢(k).

Thus, we propose an uncoupled system of non-homogeneous first-order equations:

2 € C([0,T], £2(Z))
Q) 8,0k, ) + k™(k, £) = E(k, ©)
a(k,0) = ¢(k) with @ € £2(Z)

for all k € Z, which we will solve below.

Letk # 0, multiplying by the integrating factor et to the differential equation of (), we
obtain

d.{e*" a(k,t)} = eX"tE (K, b),

integrating from 0O to t, we have
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fo tar{eknfﬁ(k, T)}dr = f

then,

t
e*" T F(k, 1) dr;

0

t
e’ tak,t) — a(k,0) = f e’ T B (k,7) dr.

That is,

0

t
ik, t) = e ¥'t@p(k) +e7 K" f ek F(k,T) dt

= o0 +

0

If k = 0, the non-homogeneous ODE is

integrating from O to t, we obtain

0
t

e K" EDE(k, 1) dr.

2,1(0,t) = F(0,t)
2(0,0) = $(0).

t t
jarﬁ(O,T)dT=fﬁ'(O,T) dt;
0 0

t

0

F(0,7) dr;

then
#1(0,t) — 1(0,0) = f F(0,7) dr;
that is
t
20,0 = 90 + |
0
Finally,

t
ik, t) = e ¥ tpk) + f e Kt

0

The candidate to be the solution of (PF) is

+00

u®) = ) Ak e
k=—o0

“OF(k,t)dt ,Vk ETL.

t
- Z {e‘kntg?)(k) + f e~ K" EDF (I, 7) dr} O

k=—0o0 0

+00 +
= > e R g + )

k=—o0 k=—c0

t
{J e K DRk, 1) dr} Ok
0
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+00 ¢ I®
- Z e k"t G (k) <pk+f Z e K" EDE(k, T) @y dT
k=—c 0 k=—c
t
- S(t)<p+f S(t —7)F (1) dr,
up(t)= 20

up(t):=

where uy is the solution to the homogeneous equation (P?), which has already been proven
and u,, is the particular solution to (PF) with a null initial condition, which was also proved in
the previous theorem.

We work the following steps.

Let u(t) =uf(t) = S(©)¢ + u,(t), we will prove that u € C([0,T], H5.) n C*([0,T], Hyzr) .
In effect, as S(¢ € C([0,T], Hy,r) and u,(*) € C([0,T], Her) then u() = S()ep +u,() €
C([0,T], H3er). Moreover, as S(-)¢ € C1([0,+),Hsz*) and u,(-) € C1([0,T], Hs;) then
u() =S¢ +u, () € ([0, T], Hpet).

We will prove that u is the solution of (B; ). In effect, we know that 39,S(t)¢ and 30,u,(t) in
Hjg't, then

deu(t) = 9,5 + d,u,(t)
up(t)=
= —07uu(t) — 0yu,(t) + F(6)
—0Mup(0) + up, (D} + F(0)
—ou(t) + F(t)

in Hy.* , where uy(+) is solution of the homogeneous equation ( P, := P ). Also, u(0) =
up(0) +u,(0)=p+0=9.

Let ; € Hy,, and F; € C([0,T], H,,) for j =12, then

t

u;(t) = SOY; + jo St —1)F(r)dr

is solution of (PnFj) with initial data u;(0) = S(0)y; = y;, for j =1,2.

Then
t

up () —uz(t) = SO{P1 — P2} + f St —D{FA @) - F(1)}dr.
0

From where we obtain, for t<T:
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mmw—w@msmwwfwwm+fma~maw—56mwr
0
< wm—%m+fwuﬂ—5@mm
0

t

< wrwmﬁm%mmmw—ammjm
0

< Y1 —Ylls + T supreponl1F1 () — R0l
Therefore,
supzefo,r llua (©) — w2 (Olls < 11 = Palls + T - supeepon 1F1(7) — K@)l
On the other hand, in H;;" we have
dui(t) = Opup () + 0puy (L)

[=0x Tun,; (1) + [=0x Jup,; () + F;(2)
= [=0xTw(®) + F(®).

for j =1,2. So,
Oruq (t) — 0pu, () = [—0x H{ug (t) — up (0} + {Fi(t) — FL(0)}.
Taking norm, we obtain

10y (£) — O ()|l s—n
= I[-0x Hu  (©) — u (O} + {F1(8) — F2(O)}ls-n
< I[—=02{us (©) — ua (D }Hls—r + IF1(8) — F2 (O || s—p-

Using “aa?f”s—n < ”f”s ) Vf € H;er and
- - s—(n—-1 -
ngr c ngrl c Hzgerz CC Hper( ) e H;e;l'
we get

10¢us (£) — O (O)lls—n < |lug (£) — uz(Ols + 1F1 () — (O |ls—n
< llwy (8) — uz(Olls + supeefo,rlF1 () — F2(O)ls—n
< lu; - uZ”oo,S + |IF, — FZ”oo,S

< Y1 = Y2lls + (T + DIIF = Follos.
n

Remark 3.1 Inequality (3.8) says that the solution of the non-homogeneous problem (BF)
continuously depends on the initial data and the non homogeneity F, in compact intervals.

Corollary 3.1 The problem (PF) has a unique solution.
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Proof: This follows by applying inequality (3.8) with ¥; =¥, =¢ and F, = F, =F.
|

Corollary 3.2 The unique solution of (BF) is

+00 t Ix
W@ =) e e + [ Y e IR Dy d,
k=—o0 0 k=—o0

where ¢, (x):=e** for x €R.
Remark 3.2 Thus, Theorems 3.1, 3.2 and Corollaries 3.1, 3.2 are valid for the case n=4:

uy + 0gu = F(¢);
whose homogeneous case (that is, F=0) was studied in [6].
Remark 3.3 Results close to Theorems 3.1, 3.2 and Corollaries 3.1, 3.2 are obtained for the odd
order equation (P), where the homogeneous problem (F=0) is conservative; see [7]. And the
solution non-homogeneous is

VE(D) = V(D@ + V(1)

with

I v
Ve = (e @ ph),,| teR
for the initial data ¢ € Hj,, , and

V,(t) = jtV(t —17)F(t)dt.
0

Note that (ik)™ = tik"; that is, if n — 1 is multiple of four then (ik)"™ = ik™ and otherwise
(ik)" = —ik™.

CONCLUSIONS
From our study of the n-th order equation (Pf), with n an even number multiple of four, in
periodic Sobolev spaces, we have obtained the following results:

In Theorem 3.1 we obtain a particular solution of (Pf) using calculus in Hper and Sobolev
inmersion.

In Theorem 3.2, using the Fourier transform, we proved that the non-homogeneous problem
(PF) is locally well posed in compacts, obtaining continuous dependence with respect to the
initial data and the non homogeneity.
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Finally, we gave some remarks about the n-th order equation when n is odd number.
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