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ABSTRACT 
In this article, we prove that initial value problem associated to the non- 
homogeneous n-th order equation in periodic Sobolev spaces with n multiple of four 
has a local solution in [0, T] with T > 0, and the solution has continuous dependence 
with respect to the initial data and the non-homogeneous part of the problem. We 
do this in a intuitive way using Fourier theory and introducing a 𝑪𝒐- Semigroup 
inspired by the work of Iorio [1] and Santiago [5]. 
 
Keywords: Uniqueness solution, fourth order equation, non-homogeneous equation, 
periodic Sobolev spaces, Fourier Theory, calculus in Banach spaces. 

 
INTRODUCTION 

First, we want to comment that from Theorem 3.1 in [6], we have that the homogeneous 
problem is globally well posed and, in addition to the equality (3.2) in [6], we have the 
continuous dependence of the solution of homogeneous problem respect to the initial data. 
 
In this work, in Theorem 3.2 we will prove the existence and uniqueness of the local solution 
for the non-homogeneous problem and from inequality (3.8) we will get the continuous 
dependence of the solution with respect to the initial data and respect to the non-homogeneous 
part. 
 
Thus, in both homogeneous and non-homogeneous cases, the estimatives are made from the 
explicit form of the solution, that is, by applying the Fourier transform to the respective 
equation. We cite some works about n-th order equation [1], [6] and for dissipative properties 
of systems [2]. 
 
Our article is organized as follows. In section 2, we indicate the methodology used and cite the 
references used. In section 3, we proved the main results for the non-homogeneous even order 
equation. Finally, in section 4, we give the conclusions of our study. 
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METHODOLOGY 
As a theoretical framework in this article, we use the existence and regularity results of [6]. 
Also, we use the references [1], [4], [5], [6], [7] and [3] for the Fourier theory in periodic Sobolev 
spaces, and differential and integral calculus in Banach spaces. 

 
MAIN RESULTS 

Using the Fourier transform, we will prove that the non-homogeneous problem has a unique 
solution and it continuously depends respect to the initial data and the non homogeneity in 
compact intervals. Remember that the homogeneous problem (F=0) is dissipative; see [6]. 
 
The Non-homogeneous Problem (𝑷𝒏

𝑭 ) is Locally Well Posed 
Theorem 3.1 Let s a fixed real number, n an even number multiple of four,  𝐹 ∈ 𝐶([0, 𝑇], 𝐻𝑝𝑒𝑟

𝑠 ), 

where T>0, {𝑆(𝑡)}𝑡∈𝑅 the semigroup of class  𝐶𝑜  of homogeneous case (F = 0), introduced in the 
Theorem 3.2 from [6], and 
 

𝑢𝑝(𝑡): = ∫ 𝑆(𝑡 − 𝜏)𝐹(𝜏)𝑑𝜏
𝑡

0

. 

 
Then 𝑢𝑝 ∈ 𝐶([0, 𝑇], 𝐻𝑝𝑒𝑟

𝑠 ) ∩ 𝐶1([0, 𝑇], 𝐻𝑝𝑒𝑟
𝑠−𝑛)   and satisfies 

 

|

                 
𝜕𝑡𝑢𝑝 + 𝜕𝑥

𝑛𝑢𝑝 = 𝐹(𝑡)  ∈  𝐻𝑝𝑒𝑟
𝑠−𝑛 

𝑢𝑝(0) = 0                                    
                                                               (3.1) 

 
with the derivative given by  
 

                             lim
ℎ→0

‖
𝑢𝑝(𝑡+ℎ)−𝑢𝑝(𝑡)

ℎ
+ 𝜕𝑥

𝑛𝑢𝑝 − 𝐹(𝑡)‖
𝑠−𝑛

= 0.                                        (3.2) 

 
 
Proof: We remark that  𝑆(𝑡 − 𝜏)𝐹(𝜏) ∈  𝐻𝑝𝑒𝑟

𝑠 , ∀𝜏 ∈ (0, 𝑡) and  𝜏 → 𝑆(𝑡 − 𝜏)𝐹(𝜏) is continuous in 

[0, t] then  exists    
∫ 𝑆(𝑡 − 𝜏)𝐹(𝜏)𝑑𝜏
𝑡

0⏟            

𝑢𝑝(𝑡) =
∈ 𝐻𝑝𝑒𝑟

𝑠  . Now, we will prove 𝑢𝑝 ∈ 𝐶([0, 𝑇], 𝐻𝑝𝑒𝑟
𝑠 ) , that is,  

‖ 𝑢𝑝(𝑡 + ℎ) − 𝑢𝑝(𝑡) ‖𝑠 → 0  when ℎ → 0.  

 
Let ℎ > 0  
 

𝑢𝑝(𝑡 + ℎ) − 𝑢𝑝(𝑡) = ∫ 𝑆(𝑡 + ℎ − 𝜏)𝐹(𝜏)𝑑𝜏
𝑡+ℎ

0

−∫ 𝑆(𝑡 − 𝜏)𝐹(𝜏)𝑑𝜏
𝑡

0

. = ∫ {𝑆(𝑡 + ℎ − 𝜏) − 𝑆(𝑡 − 𝜏)}𝐹(𝜏)𝑑𝜏
𝑡

0

                  

. . +∫ 𝑆(𝑡 + ℎ − 𝜏)𝐹(𝜏)𝑑𝜏
𝑡+ℎ

𝑡
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taking the norm  ‖∙ ‖𝑠  we obtain 
 

‖𝑢𝑝(𝑡 + ℎ) − 𝑢𝑝(𝑡)‖𝑠 ≤ ‖∫ {𝑆(𝑡 + ℎ − 𝜏) − 𝑆(𝑡 − 𝜏)}𝐹(𝜏)𝑑𝜏
𝑡

0

‖
𝑠⏟                          

𝐼1≔

. . + ‖∫ 𝑆(𝑡 + ℎ − 𝜏)𝐹(𝜏)𝑑𝜏
𝑡+ℎ

𝑡

‖
𝑠⏟                  

𝐼2≔

 .             

 

Using the M-Test of Weierstrass we get 
 

𝐼1 ≤ ∫ ‖𝑆(𝑡 + ℎ − 𝜏)𝐹(𝜏) − 𝑆(𝑡 − 𝜏)𝐹(𝜏)‖𝑠 𝑑𝜏
𝑡

0

. ≤
𝜖

2𝑇
∙ ∫ 𝑑𝜏

𝑡

0

  =   
𝜖𝑡

2𝑇
  ≤   

𝜖𝑇

2𝑇
  =   

𝜖

2
                 

 

 
since ∃δ > 0 such that: 
  

if  |ℎ| < 𝛿   then  ‖𝑆(𝑡 + ℎ − 𝜏)𝐹(𝜏) − 𝑆(𝑡 − 𝜏)𝐹(𝜏)‖𝑠  <   
𝜖

2𝑇
 ,   ∀𝜏 ∈ (0, 𝑡). 

 
Using the mean value Theorem in 𝐻𝑝𝑒𝑟

𝑠   we obtain 

 
1

ℎ
∙ ∫ 𝑆(𝑡 + ℎ − 𝜏)𝐹(𝜏)𝑑𝜏

𝑡+ℎ

𝑡

   →    𝑆(0)𝐹(𝑡)  =  𝐹(𝑡) 

 
when   ℎ → 0 . Then 
 

∫ 𝑆(𝑡 + ℎ − 𝜏)𝐹(𝜏)𝑑𝜏
𝑡+ℎ

𝑡

= ℎ⏟
→0

∙
1

ℎ
∫ 𝑆(𝑡 + ℎ − 𝜏)𝐹(𝜏)𝑑𝜏
𝑡+ℎ

𝑡⏟                
→𝐹(𝑡)

   →   0 

 
when   ℎ → 0 . So, we have 
 

𝐼2 = ‖∫ 𝑆(𝑡 + ℎ − 𝜏)𝐹(𝜏)𝑑𝜏
𝑡+ℎ

𝑡

‖
𝑠

 → 0 

 

when   ℎ → 0 .  That is     𝐼2 < 
𝜖

2
   whenever  |ℎ| <  𝛿∗ . 

 

Therefore,  ‖𝑢𝑝(𝑡 + ℎ) − 𝑢𝑝(𝑡)‖𝑠  ≤  𝐼1 + 𝐼2 < 𝜖   whenever  |ℎ| <  min{𝛿, 𝛿∗}. 

 
From definition of  𝑢𝑝(𝑡)  we have   𝑢𝑝(0) = 0 . 

 
Now, we will prove that  ∃ 𝜕𝑡𝑢𝑝(𝑡)  in  𝐻𝑝𝑒𝑟

𝑠−𝑛 . In effect 
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𝑢𝑝(𝑡 + ℎ) − 𝑢𝑝(𝑡)

ℎ
   

=
1

ℎ
{∫ 𝑆(𝑡 + ℎ − 𝜏)𝐹(𝜏)𝑑𝜏

𝑡+ℎ

0

− ∫ 𝑆(𝑡 − 𝜏)𝐹(𝜏)𝑑𝜏
𝑡

0

}                                           

=
1

ℎ
{∫ {𝑆(𝑡 + ℎ − 𝜏)𝐹(𝜏) − 𝑆(𝑡 − 𝜏)𝐹(𝜏)} 𝑑𝜏

𝑡

0

+ ∫ 𝑆(𝑡 + ℎ − 𝜏)𝐹(𝜏)𝑑𝜏
𝑡+ℎ

𝑡

} 

=  
1

ℎ
∫ {𝑆(𝑡 + ℎ − 𝜏)𝐹(𝜏) − 𝑆(𝑡 − 𝜏)𝐹(𝜏)} 𝑑𝜏
𝑡

0

+ 
1

ℎ
∫ 𝑆(𝑡 + ℎ − 𝜏)𝐹(𝜏)𝑑𝜏.
𝑡+ℎ

𝑡

    

 
Using the mean value Theorem in 𝐻𝑝𝑒𝑟

𝑠−𝑛 , we obtain 

 
1

ℎ
∙ ∫ 𝑆(𝑡 + ℎ − 𝜏)𝐹(𝜏)𝑑𝜏

𝑡+ℎ

𝑡

   →    𝑆(0)𝐹(𝑡)  =  𝐹(𝑡)                           (3.3) 

 
when   ℎ → 0 . 
 
Since 

𝑆(𝑡 + ℎ − 𝜏)𝐹(𝜏) − 𝑆(𝑡 − 𝜏)𝐹(𝜏)

ℎ
 

 
converges uniformly to  𝜕𝑡{𝑆(𝑡 − 𝜏)𝐹(𝜏)}  in 𝐻𝑝𝑒𝑟

𝑠−𝑛  ∀𝜏 ∈ [0, 𝑡], we obtain that 

 

∫
𝑆(𝑡 + ℎ − 𝜏)𝐹(𝜏) − 𝑆(𝑡 − 𝜏)𝐹(𝜏)

ℎ
 𝑑𝜏

𝑡

0

 

 

converges to  ∫ 𝜕𝑡{𝑆(𝑡 − 𝜏)𝐹(𝜏)}
𝑡

0
𝑑𝜏  when  ℎ → 0 . 

 
Now, we remark that   𝜕𝑡{𝑆(𝑡 − 𝜏)𝐹(𝜏)} = (−𝜕𝑥

𝑛)𝑆(𝑡 − 𝜏)𝐹(𝜏)  in  𝐻𝑝𝑒𝑟
𝑠−𝑛 . 

 
Since (-𝜕𝑥

𝑛)  is a closed operator, then 
 

∫ (−𝜕𝑥
𝑛)𝑆(𝑡 − 𝜏)𝐹(𝜏)𝑑𝜏 = (−𝜕𝑥

𝑛)∫ 𝑆(𝑡 − 𝜏)𝐹(𝜏) 𝑑𝜏
𝑡

0

𝑡

0

. 

 
Therefore, 

∫ 𝜕𝑡{𝑆(𝑡 − 𝜏)𝐹(𝜏)}
𝑡

0

 𝑑𝜏 = (−𝜕𝑥
𝑛)∫ 𝑆(𝑡 − 𝜏)𝐹(𝜏) 𝑑𝜏

𝑡

0⏟            
𝑢𝑝(𝑡)=

. 

That is, 
 

∫
𝑆(𝑡 + ℎ − 𝜏)𝐹(𝜏) − 𝑆(𝑡 − 𝜏)𝐹(𝜏)

ℎ
 𝑑𝜏   →   (−𝜕𝑥

𝑛)𝑢𝑝(𝑡)                      (3.4)
𝑡

0
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when ℎ → 0. 
 
Finally, in  𝐻𝑝𝑒𝑟

𝑠−𝑛 , using (3.3) and (3.4) we get 

 

∃ lim
ℎ→0

𝑢𝑝(𝑡 + ℎ) − 𝑢𝑝(𝑡)

ℎ⏟              
𝜕𝑡𝑢𝑝(𝑡)=

= (−𝜕𝑥
𝑛)𝑢𝑝(𝑡) + 𝐹(𝑡) .  

  
That is,    ∃ 𝜕𝑡𝑢𝑝(𝑡)  and it also satisfies  𝜕𝑡𝑢𝑝(𝑡) = (−𝜕𝑥

𝑛)𝑢𝑝(𝑡) + 𝐹(𝑡). 

 
Using that  ‖𝜕𝑥

𝑚𝑓‖𝑠−𝑚 ≤ ‖𝑓‖𝑠 , ∀𝑚 ∈ 𝑍+, ∀ 𝑓 ∈ 𝐻𝑝𝑒𝑟
𝑠  ,  we obtain 

 

‖𝜕𝑡𝑢𝑝(𝑡 + ℎ) − 𝜕𝑡𝑢𝑝(𝑡)‖𝑠−𝑛                                                             

= ‖(−𝜕𝑥
𝑛)𝑢𝑝(𝑡 + ℎ) + 𝐹(𝑡 + ℎ) − {(−𝜕𝑥

𝑛)𝑢𝑝(𝑡) + 𝐹(𝑡)}‖𝑠−𝑛
≤ ‖𝐹(𝑡 + ℎ) − 𝐹(𝑡)‖𝑠−𝑛 + ‖(−𝜕𝑥

𝑛){ 𝑢𝑝(𝑡 + ℎ) − 𝑢𝑝(𝑡)}‖𝑠−𝑛
= ‖𝐹(𝑡 + ℎ) − 𝐹(𝑡)‖𝑠−𝑛 + ‖𝜕𝑥

𝑛{ 𝑢𝑝(𝑡 + ℎ) − 𝑢𝑝(𝑡)}‖𝑠−𝑛       

 

≤ ‖𝐹(𝑡 + ℎ) − 𝐹(𝑡)‖𝑠−𝑛 + ‖ 𝑢𝑝(𝑡 + ℎ) − 𝑢𝑝(𝑡)‖𝑠 .                  

 

So, since  𝑢𝑝(𝑡) ∈ 𝐻𝑝𝑒𝑟
𝑠  ⊂  𝐻𝑝𝑒𝑟

𝑠−1 ⊂ ⋯ ⊂ 𝐻𝑝𝑒𝑟
𝑠−(𝑛−1)

 ⊂ 𝐻𝑝𝑒𝑟
𝑠−𝑛  , we have 𝐹: [0, 𝑇] → 𝐻𝑝𝑒𝑟

𝑠−𝑛  is 

continuous and as  𝑢𝑝: [0, 𝑇] → 𝐻𝑝𝑒𝑟
𝑠   is continuous, then 𝜕𝑡𝑢𝑝: [0, 𝑇] → 𝐻𝑝𝑒𝑟

𝑠−𝑛 is continuous, that 

is, 𝜕𝑡𝑢𝑝 ∈ 𝐶([0, 𝑇],𝐻𝑝𝑒𝑟
𝑠−𝑛)  . 

 
Therefore,  𝑢𝑝 ∈ 𝐶([0, 𝑇], 𝐻𝑝𝑒𝑟

𝑠 ) ∩ 𝐶1([0, 𝑇], 𝐻𝑝𝑒𝑟
𝑠−𝑛)  .  

∎  
 
Theorem 3.2 Let s a fixed real number, n an even number multiple of four, 𝜑 ∈ 𝐻𝑝𝑒𝑟

𝑠  ,  𝐹 ∈

𝐶([0, 𝑇],𝐻𝑝𝑒𝑟
𝑠 ), where T>0 and {𝑆(𝑡)}𝑡≥0 the semigroup of class  𝐶𝑜 in  𝐻𝑝𝑒𝑟

𝑠   as in Theorem 3.1, 

then 
 
The function 

𝑢𝐹(𝑡) ≔ 𝑆(𝑡)𝜑 +∫ 𝑆(𝑡 − 𝜏)𝐹(𝜏) 𝑑𝜏
𝑡

0⏟            
, 𝑡 ∈ [0, 𝑇]                           (3.5)

𝑢𝑝(𝑡)=                                                 

 

 
belongs to  𝐶([0, 𝑇], 𝐻𝑝𝑒𝑟

𝑠 ) ∩ 𝐶1([0, 𝑇], 𝐻𝑝𝑒𝑟
𝑠−𝑛)   and 

 
𝑢𝐹(𝑡)  is the unique solution of 
 

(𝑃𝑛
𝐹) |

          
𝑢𝑡 + 𝜕𝑥

𝑛𝑢 = 𝐹(𝑡) ∈ 𝐻𝑝𝑒𝑟
𝑠−𝑛

𝑢(0) = 𝜑                            
                                                                (3.6) 

 
with the derivative given by 
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lim
ℎ→0

‖
𝑢(𝑡 + ℎ) − 𝑢(𝑡)

ℎ
+ 𝜕𝑥

𝑛𝑢 − 𝐹(𝑡)‖
𝑠−𝑛

= 0.                                        (3.7) 

 

Let  𝜓𝑗 ∈ 𝐻𝑝𝑒𝑟
𝑠  ,  𝐹𝑗 ∈ 𝐶([0, 𝑇],𝐻𝑝𝑒𝑟

𝑠 ), 𝑗 = 1,2.  The map  𝜓 → 𝑢 is continuous in the following 

sense. Let 𝑢1   and 𝑢2   the corresponding solutions to initial data 𝜓1  and  𝜓2 , and with non 
homogeneity 𝐹1 and  𝐹2 respectively. Then 
 

‖𝑢1(𝑡) − 𝑢2(𝑡)‖𝑠 ≤  ‖𝜓1 − 𝜓2‖𝑠 + 𝑇‖𝐹1 − 𝐹2‖∞,𝑠,   𝑡 ∈ [0, 𝑇], (3.8)

𝑠𝑢𝑝𝑡∈[0,𝑇]‖𝑢1(𝑡) − 𝑢2(𝑡)‖𝑠⏟                
‖𝑢1−𝑢2‖∞,𝑠=

≤ ‖𝜓1 − 𝜓2‖𝑠 + 𝑇‖𝐹1 − 𝐹2‖∞,𝑠                                (3.9) 

 
‖𝜕𝑡𝑢1(𝑡) − 𝜕𝑡𝑢2(𝑡)‖𝑠−𝑛 ≤ ‖𝑢1(𝑡) − 𝑢2(𝑡)‖𝑠 + ‖𝐹1 − 𝐹2‖∞,𝑠−𝑛 , 𝑡 ∈ [0, 𝑇],              

. ≤ ‖𝑢1 − 𝑢2‖∞,𝑠 + ‖𝐹1 − 𝐹2‖∞,𝑠                                                

. ≤ ‖𝜓1 − 𝜓2‖∞,𝑠 + (𝑇 + 1)‖𝐹1 − 𝐹2‖∞,𝑠                    (3.10)

 

 
where we have used the notation 
 

‖ℎ‖∞,𝑟 ≔ 𝑠𝑢𝑝𝑡∈[0,𝑇]‖ℎ(𝑡)‖𝑟 , ℎ ∈ 𝐶([0, 𝑇], 𝐻𝑝𝑒𝑟
𝑟 ).                       (3.11) 

 
Proof: Previously, we will proceed to obtain the candidate solution of (𝑃𝑛

𝐹). To achieve this, we 
apply the Fourier transform to the non-homogeneous equation (𝑃𝑛

𝐹) 
 

𝜕𝑡𝑢(𝑡) + 𝜕𝑥
𝑛𝑢(𝑡) = 𝐹(𝑡), 

 
and obtain 

𝜕𝑡𝑢̂(𝑘, 𝑡) + 𝑘
𝑛𝑢̂(𝑘, 𝑡) = 𝐹̂(𝑘, 𝑡), 

 
that for each 𝑘 ∈ ℤ, it is a non-homogeneous ordinary differential equation with initial data 
𝑢̂(𝑘, 0) = 𝜑̂(𝑘). 
 
Thus, we propose an uncoupled system of non-homogeneous first-order equations: 
 

(Ω𝑘) |

𝑢̂ ∈ 𝐶([0, 𝑇], ℓ𝑠
2(ℤ))                      

𝜕𝑡𝑢̂(𝑘, 𝑡) + 𝑘
𝑛𝑢̂(𝑘, 𝑡) = 𝐹̂(𝑘, 𝑡)  

𝑢̂(𝑘, 0) = 𝜑̂(𝑘)  𝑤𝑖𝑡ℎ 𝜑̂ ∈ ℓ𝑠
2(ℤ)

 

 
for all 𝑘 ∈ ℤ, which we will solve below. 
 

Let 𝑘 ≠  0, multiplying by the integrating factor  𝑒𝑘
𝑛𝑡 to the differential equation of (Ω𝑘), we 

obtain 
 

𝜕𝑡{𝑒
𝑘𝑛𝑡𝑢̂(𝑘, 𝑡)} = 𝑒𝑘

𝑛𝑡𝐹̂(𝑘, 𝑡), 

 
integrating from 0 to t, we have 
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∫ 𝜕𝜏{𝑒
𝑘𝑛𝜏𝑢̂(𝑘, 𝜏)}𝑑𝜏

𝑡

0

= ∫ 𝑒𝑘
𝑛𝜏𝐹̂(𝑘, 𝜏) 𝑑𝜏

𝑡

0

; 

 
then, 

𝑒𝑘
𝑛𝑡𝑢̂(𝑘, 𝑡)  −  𝑢̂(𝑘, 0) = ∫ 𝑒𝑘

𝑛𝜏𝐹̂(𝑘, 𝜏) 𝑑𝜏
𝑡

0

. 

That is, 

𝑢̂(𝑘, 𝑡) = 𝑒−𝑘
𝑛𝑡𝜑̂(𝑘)  + 𝑒−𝑘

𝑛𝑡∫ 𝑒𝑘
𝑛𝜏𝐹̂(𝑘, 𝜏) 𝑑𝜏

𝑡

0

. = 𝑒−𝑘
𝑛𝑡𝜑̂(𝑘)  + ∫ 𝑒−𝑘

𝑛(𝑡−𝜏)𝐹̂(𝑘, 𝜏) 𝑑𝜏
𝑡

0

.

 

 
If  𝑘 =  0, the non-homogeneous ODE is 
 

|
𝜕𝑡𝑢̂(0, 𝑡) = 𝐹̂(0, 𝑡)
 𝑢̂(0,0) = 𝜑̂(0).

 

 
integrating from 0 to t, we obtain 
 

∫ 𝜕𝜏𝑢̂(0, 𝜏)𝑑𝜏
𝑡

0

= ∫ 𝐹̂(0, 𝜏) 𝑑𝜏
𝑡

0

; 

then 

𝑢̂(0, 𝑡)  − 𝑢̂(0,0) = ∫ 𝐹̂(0, 𝜏) 𝑑𝜏
𝑡

0

; 

that is 

𝑢̂(0, 𝑡)  = 𝜑̂(0) + ∫ 𝐹̂(0, 𝜏) 𝑑𝜏
𝑡

0

; 

Finally, 

𝑢̂(𝑘, 𝑡) = 𝑒−𝑘
𝑛𝑡𝜑̂(𝑘)  + ∫ 𝑒−𝑘

𝑛(𝑡−𝜏)𝐹̂(𝑘, 𝜏) 𝑑𝜏
𝑡

0

 , ∀𝑘 ∈ ℤ . 

 
The candidate to be the solution of (𝑃𝑛

𝐹) is 
 

𝑢(𝑡) = ∑ 𝑢̂(𝑘, 𝑡) 𝜑𝑘

+∞

𝑘=−∞

                                                                       

. = ∑ {𝑒−𝑘
𝑛𝑡𝜑̂(𝑘)  + ∫ 𝑒−𝑘

𝑛(𝑡−𝜏)𝐹̂(𝑘, 𝜏) 𝑑𝜏
𝑡

0

} 𝜑𝑘

+∞

𝑘=−∞

                 

. = ∑ 𝑒−𝑘
𝑛𝑡𝜑̂(𝑘) 𝜑𝑘

+∞

𝑘=−∞

 + ∑ { ∫ 𝑒−𝑘
𝑛(𝑡−𝜏)𝐹̂(𝑘, 𝜏) 𝑑𝜏

𝑡

0

} 𝜑𝑘

+∞

𝑘=−∞
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. = ∑ 𝑒−𝑘
𝑛𝑡𝜑̂(𝑘) 𝜑𝑘 +∫ ∑ 𝑒−𝑘

𝑛(𝑡−𝜏)𝐹̂(𝑘, 𝜏)𝜑𝑘

+∞

𝑘=−∞

𝑑𝜏
𝑡

0

+∞

𝑘=−∞

. = 𝑆(𝑡)𝜑⏟  
𝑢ℎ(𝑡):=

+∫ 𝑆(𝑡 − 𝜏)𝐹(𝜏) 𝑑𝜏
𝑡

0⏟            
𝑢𝑝(𝑡):=

 ,                                        
 

 
where  𝑢ℎ is the solution to the homogeneous equation (𝑃𝑛

0), which has already been proven 
and 𝑢𝑝 is the particular solution to (𝑃𝑛

𝐹) with a null initial condition, which was also proved in 

the previous theorem. 
 
We work the following steps. 
 

Let  𝑢(𝑡) ≔ 𝑢𝐹(𝑡) = 𝑆(𝑡)𝜑 + 𝑢𝑝(𝑡),  we will prove that  𝑢 ∈ 𝐶([0, 𝑇], 𝐻𝑝𝑒𝑟
𝑠 ) ∩ 𝐶1([0, 𝑇], 𝐻𝑝𝑒𝑟

𝑠−𝑛) . 

In effect, as  𝑆(∙)𝜑 ∈ 𝐶([0, 𝑇],𝐻𝑝𝑒𝑟
𝑠 )  and   𝑢𝑝(∙) ∈ 𝐶([0, 𝑇], 𝐻𝑝𝑒𝑟

𝑠 )    then  𝑢(∙) = 𝑆(∙)𝜑 + 𝑢𝑝(∙) ∈

𝐶([0, 𝑇],𝐻𝑝𝑒𝑟
𝑠 ).  Moreover, as  𝑆(∙)𝜑 ∈ 𝐶1([0, +∞),𝐻𝑝𝑒𝑟

𝑠−𝑛)   and  𝑢𝑝(∙) ∈ 𝐶
1([0, 𝑇], 𝐻𝑝𝑒𝑟

𝑠−𝑛)  then 

𝑢(∙) = 𝑆(∙)𝜑 + 𝑢𝑝(∙) ∈ 𝐶
1([0, 𝑇], 𝐻𝑝𝑒𝑟

𝑠−𝑛).   

 
We will prove that 𝑢 is the solution of (𝑃𝑛

𝐹). In effect, we know that  ∃𝜕𝑡𝑆(𝑡)𝜑  and  ∃𝜕𝑡𝑢𝑝(𝑡)  in 

𝐻𝑝𝑒𝑟
𝑠−𝑛 ,  then 

 
𝜕𝑡𝑢(𝑡) = 𝜕𝑡 𝑆(𝑡)𝜑⏟  

𝑢ℎ(𝑡)≔

+ 𝜕𝑡𝑢𝑝(𝑡)                 

. = −𝜕𝑥
𝑛𝑢ℎ(𝑡) − 𝜕𝑥

𝑛𝑢𝑝(𝑡) + 𝐹(𝑡)

. = −𝜕𝑥
𝑛{𝑢ℎ(𝑡) + 𝑢𝑝(𝑡)} + 𝐹(𝑡)

 

=    −𝜕𝑥
𝑛𝑢(𝑡) + 𝐹(𝑡)      

 
in 𝐻𝑝𝑒𝑟

𝑠−𝑛  , where  𝑢ℎ(∙)   is solution of the homogeneous equation (  𝑃𝑛 ≔ 𝑃𝑛
0  ). Also,  𝑢(0) =

𝑢ℎ(0) + 𝑢𝑝(0) = 𝜑 + 0 = 𝜑 . 

 

Let  𝜓𝑗 ∈ 𝐻𝑝𝑒𝑟
𝑠   and  𝐹𝑗 ∈ 𝐶([0, 𝑇], 𝐻𝑝𝑒𝑟

𝑠 )  for   𝑗 = 1,2 ,  then 

 

𝑢𝑗(𝑡) = 𝑆(𝑡)𝜓𝑗 +∫ 𝑆(𝑡 − 𝜏)𝐹𝑗(𝜏)𝑑𝜏
𝑡

0

 

 

is solution of (𝑃𝑛
𝐹𝑗) with initial data 𝑢𝑗(0) = 𝑆(0)𝜓𝑗 = 𝜓𝑗  , for  𝑗 = 1,2 . 

 
Then 

𝑢1(𝑡) − 𝑢2(𝑡) = 𝑆(𝑡){𝜓1 − 𝜓2} + ∫ 𝑆(𝑡 − 𝜏){𝐹1(𝜏) − 𝐹2(𝜏)}𝑑𝜏.
𝑡

0

 

 
From where we obtain, for t<T: 
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‖𝑢1(𝑡) − 𝑢2(𝑡)‖𝑠 ≤ ‖𝑆(𝑡){𝜓1 − 𝜓2}‖𝑠 +∫ ‖𝑆(𝑡 − 𝜏){𝐹1(𝜏) − 𝐹2(𝜏)}‖𝑠𝑑𝜏            
𝑡

0

 

              

≤ ‖𝜓1 − 𝜓2‖𝑠 +∫ ‖𝐹1(𝜏) − 𝐹2(𝜏)‖𝑠𝑑𝜏
𝑡

0

                   

≤ ‖𝜓1 − 𝜓2‖𝑠 + 𝑠𝑢𝑝𝜏∈[0,𝑇]‖𝐹1(𝜏) − 𝐹2(𝜏)‖𝑠∫ 𝑑𝜏
𝑡

0

≤  ‖𝜓1 − 𝜓2‖𝑠 + 𝑇 ∙ 𝑠𝑢𝑝𝜏∈[0,𝑇]‖𝐹1(𝜏) − 𝐹2(𝜏)‖𝑠.     

 

 
Therefore, 
 

𝑠𝑢𝑝𝜏∈[0,𝑇]‖𝑢1(𝑡) − 𝑢2(𝑡)‖𝑠 ≤ ‖𝜓1 − 𝜓2‖𝑠 + 𝑇 ∙ 𝑠𝑢𝑝𝜏∈[0,𝑇]‖𝐹1(𝜏) − 𝐹2(𝜏)‖𝑠. 

 
On the other hand, in  𝐻𝑝𝑒𝑟

𝑠−𝑛  we have 

 
𝜕𝑡𝑢𝑗(𝑡) = 𝜕𝑡𝑢ℎ,𝑗(𝑡) + 𝜕𝑡𝑢𝑝,𝑗(𝑡)                             

. = [−𝜕𝑥
𝑛]𝑢ℎ,𝑗(𝑡) + [−𝜕𝑥

𝑛]𝑢𝑝,𝑗(𝑡) + 𝐹𝑗(𝑡)

. = [−𝜕𝑥
𝑛]𝑢𝑗(𝑡) + 𝐹𝑗(𝑡) .                               

 

 
for  𝑗 = 1,2 .   So, 
 

𝜕𝑡𝑢1(𝑡) − 𝜕𝑡𝑢2(𝑡) = [−𝜕𝑥
𝑛]{𝑢1(𝑡) − 𝑢2(𝑡)} + {𝐹1(𝑡) − 𝐹2(𝑡)} . 

 
Taking norm, we obtain 
 

‖𝜕𝑡𝑢1(𝑡) − 𝜕𝑡𝑢2(𝑡)‖𝑠−𝑛                                                                           

= ‖[−𝜕𝑥
𝑛]{𝑢1(𝑡) − 𝑢2(𝑡)} + {𝐹1(𝑡) − 𝐹2(𝑡)}‖𝑠−𝑛        

≤ ‖[−𝜕𝑥
𝑛]{𝑢1(𝑡) − 𝑢2(𝑡)}‖𝑠−𝑛 + ‖𝐹1(𝑡) − 𝐹2(𝑡)‖𝑠−𝑛.

   

 
Using  ‖𝜕𝑥

𝑛𝑓‖𝑠−𝑛 ≤ ‖𝑓‖𝑠 , ∀ 𝑓 ∈ 𝐻𝑝𝑒𝑟
𝑠   and 

𝐻𝑝𝑒𝑟
𝑠  ⊂  𝐻𝑝𝑒𝑟

𝑠−1 ⊂ 𝐻𝑝𝑒𝑟
𝑠−2 ⊂ ⋯ ⊂  𝐻𝑝𝑒𝑟

𝑠−(𝑛−1)
⊂ 𝐻𝑝𝑒𝑟

𝑠−𝑛 , 

we get 
 

‖𝜕𝑡𝑢1(𝑡) − 𝜕𝑡𝑢2(𝑡)‖𝑠−𝑛 ≤ ‖𝑢1(𝑡) − 𝑢2(𝑡)‖𝑠 + ‖𝐹1(𝑡) − 𝐹2(𝑡)‖𝑠−𝑛            
                                                     ≤ ‖𝑢1(𝑡) − 𝑢2(𝑡)‖𝑠 + 𝑠𝑢𝑝𝑡∈[0,𝑇]‖𝐹1(𝑡) − 𝐹2(𝑡)‖𝑠−𝑛

                          ≤ ‖𝑢1 − 𝑢2‖∞,𝑠 + ‖𝐹1 − 𝐹2‖∞,𝑠           

                                      ≤ ‖𝜓1 − 𝜓2‖𝑠 + (𝑇 + 1)‖𝐹1 − 𝐹2‖∞,𝑠.          

 

∎  
 
Remark 3.1 Inequality (3.8) says that the solution of the non-homogeneous problem (𝑃𝑛

𝐹 ) 
continuously depends on the initial data and the non homogeneity F, in compact intervals. 
 
Corollary 3.1 The problem  (𝑃𝑛

𝐹) has a unique solution. 
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Proof: This follows by applying inequality (3.8) with  𝜓1 = 𝜓2 = 𝜑  and  𝐹1 = 𝐹2 = 𝐹 . 
∎  
 
Corollary 3.2 The unique solution of (𝑃𝑛

𝐹) is 
 

𝑢(𝑡) = ∑ 𝑒−𝑘
𝑛𝑡𝜑̂(𝑘)𝜑𝑘

+∞

𝑘=−∞

 +  ∫ ∑ 𝑒−𝑘
𝑛(𝑡−𝜏)𝐹̂(𝑘, 𝜏)𝜑𝑘

+∞

𝑘=−∞

 𝑑𝜏
𝑡

0

, 

 
where  𝜑𝑘(𝑥):= 𝑒

𝑖𝑘𝑥    for  x ∈ R. 
 
Remark 3.2 Thus, Theorems 3.1, 3.2 and Corollaries 3.1, 3.2 are valid for the case n=4:  
 

𝑢𝑡 + 𝜕𝑥
4𝑢 = 𝐹(𝑡); 

 
whose homogeneous case (that is, F=0) was studied in [6]. 
 
Remark 3.3 Results close to Theorems 3.1, 3.2 and Corollaries 3.1, 3.2 are obtained for the odd 
order equation (𝑃𝑛

𝐹), where the homogeneous problem (F=0) is conservative; see [7]. And the 
solution non-homogeneous is 
 

𝑽∗
𝑭(𝒕) = 𝑽(𝒕)𝝋 + 𝑽𝒑(𝒕) 

 
with  
 

𝑽(𝒕)𝝋 = [(𝒆−(𝒊𝒌)
𝒏𝒕𝝋̂(𝒌))

𝒌∈𝒁
]
∨

, 𝒕 ∈ 𝑹   

 
for the initial data 𝝋 ∈ 𝑯𝒑𝒆𝒓

𝒔   , and 

𝑽𝒑(𝒕) ≔ ∫ 𝑽(𝒕 − 𝝉)𝑭(𝝉)𝒅𝝉 .
𝒕

𝟎

 

 
Note that  (𝒊𝒌)𝒏 = ±𝒊𝒌𝒏; that is, if  𝒏 − 𝟏 is multiple of four then  (𝒊𝒌)𝒏 = 𝒊𝒌𝒏  and otherwise 
(𝒊𝒌)𝒏 = −𝒊𝒌𝒏 . 
 

CONCLUSIONS 
From our study of the n-th order equation (𝑃𝑛

𝐹), with n an even number multiple of four, in 
periodic Sobolev spaces, we have obtained the following results: 
 
In Theorem 3.1 we obtain a particular solution of (𝑃𝑛

𝐹 ) using calculus in 𝐻𝑝𝑒𝑟
𝑠  and Sobolev 

inmersion. 
 
In Theorem 3.2, using the Fourier transform, we proved that the non-homogeneous problem 
(𝑃𝑛
𝐹) is locally well posed in compacts, obtaining continuous dependence with respect to the 

initial data and the non homogeneity.  
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Finally, we gave some remarks about the n-th order equation when n is odd number. 
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