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ABSTRACT
In this article we prove that the Cauchy problem associated to n-th order equation
in periodic Sobolev spaces is globally well posed when n is an even number
multiple of four. We do this in an intuitive way using Fourier theory and in a fine
version using semigroups theory. Finally, we demonstrate the dissipative property
of the Cauchy problem using differential calculus in Hp,, .
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INTRODUCTION
We study the problem:

(P): 0pu + 0¢u = 0in Hpgt, with u(0) = @ € Hpepr,

considering s a real number, n is an even number multiple of four and denoting by H,, to the
periodic Sobolev space. This problem was proposed in [9], specifically in remark 4.3. In [9],
the case n=3 was studied and some comments on the possibility of its generalization were
given.

Also we can cite [6], where we find some works related to the model (P1) coupled to
Kuramoto-Sivashinski equation, and [1] where our model is stated among the proposed
problems. In these additional references we have motivation to study the problem and
inspiration with the ideas we find there.

We also cite some works about existence by semigroups [2], [3], [4] and take support in some
results of [5].

Our article is organized as follows. In section 2, we indicate the methodology used and cite the
references used. In section 3, we prove that problem (P1) is well posed. Moreover, we
introduce a family of operators that form a semigroup of class Co to state the result Theorem
3.3 and prove it in a fine version. In section 4, we study the dissipative property of the
homogeneous problem (P1) and applications. Finally, in section 5, we give the conclusions of
our study.
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METHODOLOGY
As a theorical framework in this article we use [6]. Also, we use the references [1], [8], [6] and
[7] for the Fourier theory in periodic Sobolev spaces, and differential and integral calculus in
Banach spaces.

THE PROBLEM (P1) IS WELL POSED
We prove that (P1) is well posed. Also, we introduce a family of operators that form a
semigroup of class Co, as we make it in Theorem 3.2. Finally, we state the Theorem 3.3 whose
content is a fine version of Theorem 3.1 based on the semigroup {S(t)}:>o -

Theorem 3.1
Let s a fixed real number, n an even number multiple of four and the problem

u € C([0, ), Hper)
(P |0:u + 0fu =0 € Hpt
u(0)=¢ € Hzger

then (P1) is globally well posed, that is3!u € C([0,0), Hyer) N C1((0, ), H3z) satisfying
equation (P1) so that the application : ¢ — u, which to every initial data ¢ assigns the solution u
of the IVP (P1), is continuous. That is, for ¢ and ¢ initial data close in H,,, , their corresponding
solutions u and i respectively, are also close in the solution space.
Also,

lu(e) - w()ls<llp - @ lls, Vt € [0, )
and

SUPtefo,00) 1U(E) = U()ls=llp =@ IIs.
Moreover, the solution u satisfies

u(t) € Hpep, VEE [0,0),Vr<s
with
lu()lls < llplls and lu(t)ll- < llplls, Vr <s and t € [0, o).

The application: ¢ — 0w, wich for every initial data ¢ assigns the derivative of solution u of the
IVP (P1) is continuous. That is, for ¢ and @ initial data close in Hy,, their corresponding dw and
0dli, respectively, are also close in the solution space. Also, the following inequalities are verified

19eu(t) = Beti (E)lls-n < llp — Glls, VEE (0, 0),

SUP¢e(0,00), 10:u(t) = Octt (E)lls-n < lip = @I
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Moreover, 10wu(t)lls-n < llplls, Vt € (0, ).
Proof:
We prove it in the following way.
1. First, we obtain the candidate to the solution. In order to get it we apply the Fourier
transformation to the equation
atu = —a,?u

and using (ik)"® = k™,V k € Z, we have

0,4l = —(ik)"a
= —k"

which for every k is an ODE with initial data @i(k, 0) = @ (k).

Thus, solving the IVP’s

2 € C([0,),12(2))
(Qx) |04k, t) = —k™ 1i(k,t)
a(k,0) = ¢(k)

we obtain
ik, t) = e *"t@(k),

from which we get our candidate to the solution:

u® = ) kO
k=—o0
= ) e (3.1)
k=—o0

here we are denoting ¢ (x) = e™** for xeR.
2. Second, we prove:
u(t) €Hyer and llu(t)lls < liglls (3.2)

In effect, let t € (0,0), ¢ € H;er , we have
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+ oo

lu(®lZs, =2m ) (142 e o0l

k=—o0

+ 00
<2n Z (1 + k2510 (R)|2 <  (3.3)
k=—o0
= llplZs,, -
Obviously, it holds (3.2) for t = 0.
3. We will prove that u (+) is continuous in [0,0). Let t’ € [0,0),

llu(®) — ),

400
=2m ) (A +E|(e " - e o0

k=—o0
=2m ) (A+KDIPRI IHOP (3:4)
k=—o0

where H(t): = e ¥t — e~¥"t" 'We see that limee H(£) = 0.

In order to interchange limits, we need the uniform convergence of the series. For this,
we take the k-th term of the series and bound it by a convergent series, that is

Lee: = 2(1 + k25| (k) 2|t — ="

< 8n(1 + k*)*1p )%,
there we have used the triangular inequality (property of the norm) and the inequality
e~% < 1 for 6 € [0,»0). Thus,

400
> b <4llglly, <o,

k=—o0

and using the M-Test of Weierstrass Theorem, we have the series converges uniformly.
Now, we can interchange limits, that is

+00
; _ AY I —
limllu(e) - u(e)lls, = >

limI,, =0
-t/
k=—o00 h«—zo/

and then we conclude
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}Lrgllu(t) —u(t)lug,, =0.

4. We will prove

”w + 6,’}u(t)| s —- 0 whenh-0.
per
In effect, let teR,
u(t+h) —u(t 2
( })l © + dyu(t)
Hier
Rk —kM(t+h) _ ,—k"t 2
=2m ) (1 +K) IR . + (kyrek"e

k=—0o0

=2m ) (A+K)TIPE [eFMp)| (35)

k=—0o0

n

h_q
4 k”}.

e

where M(h) = {

Using L’Hospital we have M(h) — 0 when h — 0. Again, to interchange limits, we need
the uniform convergence of the series. For this we will bound the k-th term of the
series. Previously, for h # 0, we observe

—knh_l hla N
A j (e=¥"S)ds

h ), hos

= j hl[—k”]e"‘nsds
o h

and taking norm, we have

e K" —1| 1 h

< Z|—km —kms d
h ‘ <% 'fo ™ ]ds

< LIk R = k"

< Ik :

for h>0. That is,
e—knh _
- ‘s k|™ (3.6)
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for h>0. If h<0, (3.6) also holds. Using inequality (3.6), we are going to bound |M (h)|?
as follows:

IM(h)|* < {2|k|"}?
< 4{|k[*}" (3.7)
< 4{1 + |k|?}*

Let us bound the k-th term of the series. Here we will use the estimation (3.7)

(L+ £ @) [Pe ™" M (W)|? < 4(1 + K>S @R)I*{1 + [k*}"
= 4(1+ k*)°|9p(R)|?

and, since 2m Y52 (1 + k?)*|@(k)|*> = |l@ll3 < oo for ¢ € H,,, using the M-Test of
Weierstrass we get the series (3.5) converges uniformly and then it is possible to
interchange limits and obtain

_ 2
||u(t+h}3 u(t) + 0Mu(t) — Owhenh - 0. (3.8)
s—

n

5. We will prove the continuous dependency of the solution with respect to the initial
data, that is, let ¢ and @ be close data in Hy,,, then their corresponding solutions u and

i, respectively, are also close in the solution space. Let t € [0,0),

~ (o) —_n A = 2
lu(®) —a®)lls,, = 2n Tk o1+ k*)°|e™ " (o) — ¢ (k)|
< 2m Y2 (14 K2)° |90 — G ()| (39)
_ =12
= llo = 9li;,,
Taking supremum over [0,.0) we have
SUPtefose) 1u(®) = A(Ollug,, = o — Pllus,, (3.10)
Hence, we have: if ¢ - @ thenu - @
6. Uniqueness of Solution. Equality (3.10) or (3.9) will allow us to prove the solution is
unique. In effect, let ¢ € H,, and suppose there are u and @i two solutions, then using
(3.10) we have,

lu() = @()lug,, = supteow) lut) = w(Ollug,, = llo = @llus,, = 0,Vr € [0,0)

from where we conclude that u = #@ . Thus, problem (P1) is well posed and its unique
solution, which depends continuously on the initial data, is
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+ oo

u® = ) e o

k=—o0

7. Now, we consider the case r <s. Here we have H,,, € Hj,, and since the initial data ¢
€ Hper , then @ € Hy,, and satisfies

llpll- < ligplls. (3.11)
From (3.3) for r and using (3.11) we get
lu®lIF = llellZ < llgllZ < oo.
That is,
u(t) € Hper, Vr € (-, s). (3.12)
The case r = s was already proven on the item 2.
Therefore, from (3.2) and (3.12), we conclude for t € [0,%0)

u(t) € Hpep, Vr € (-0, s].

8. We will prove that dwu () is continuous in (0,%0). Let ¢, t'€ (0,00) , using the inequality
107 u(t) |l s—mm < llu(®)|ls and continuity of u (), we obtain

10:u(t) — . u(t)ls—n = I-0gu(O)+oxut)|s—n
= ”aarcl(u(t) - u(t,))“s—n (3.13)
< lu(@®) —ul@)lls » 0

when t —t'. That is, d;u € C((0,%) , Hpz").

9. Let ¢ € Hy,, if define W(t)g = T2 (—k™e *"t @ (k) @) then W(t)g € H3z™ and
W (@®)plls—n < ll@lls, vt € (0,0). That is, W(t) € L(Hper, Hper) with [W ()|l < 1. In
effect, using |-kn|2 =|kn|2 < (k)2 = (|k|2)" < (1 + |k|2)", Vk € Zand e~ < 1, V6 € [0,%0),
we have

+00 - )
IWOQIE =27 ) L+ k| (ke ™ o)

I R o GO

k=—o0

+00
< ZHZ (1 + k25 |p(K)[2 < oo

k=—o0
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= llell5 .

10. From item 4 and 9, we have d:wu(t) = W (t)¢.

Next, we have the following result

Corollary 3.1:
The unique solution of (P1) is

+ o0

u®)= ) e o,

k=—o0
where @ (x): = e™* forx € R.
Corollary 3.2:
With the hypothesis of preceding Theorem, we obtain

1. u€eC([0,:), Hper ) N CY((0,00), Hpe'), Vr<s.
2. u satisfies

lu(t)ll-< llplls, Vt € [0,00), Vr<s, (3.14)
low(t)lr-n  <llglls, Vt € (0,00), Vr<s. (3.15)
3. Thatis,
lu(t) - t(t)l-<llp - @lls, Vt € [0,00), Vr<s,
SUPtefow) () - U()lr-<llp-@ lls, Vr<s.
4. Moreover,
0w (t) - O¢th (E)llr-n < llp - @lls, Vt € (0,0), Vr<s,
SUPte(o0) N10ei(t) = Octh ()llrn < llp =@ lls, Vr<s.

Proof:
The inequality (3.14) follows of the Sobolev continuous imbedding.

We will use the Sobolev continuous Imbedding and item 9 for prove that if ¢ € Hy,, then W
(O € Hp and IW (H)@llrn < liglls, Vt € (0,0), Vr <s. That is, W (t) € L (Hyer, Hpet) with
IW(t)Il <1, Vr<s.
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In effect, using |kn|2 < (1 + |k|2)", Vk € Zand e~ < 1, VO € [0,0), we have

W (©@lZy = 27 552 (1 + k2T | (k™ e "o (k)|
<2rYFE (1 4+ kDT (KM@ (k)|? (3.16)
< 2 3FE (1 + k2T 1p(k)|?

+ oo
< ZnZ 1+ kDS (k)2 < oo
k=—o0
= |loll3

Now, we will introduce a family of operators which verify the condition of being a semigroup
of class Co.

Theorem 3.2
Let be s € R and n an even number multiple of four. The application

Sp:[0,0) > L (H;er )
t—S(t)

such that S, (t) = e~ that is, applies

Ny o \
a9 = (e X" 00), .| ¥ 0 € Hier,

then {S,(t)}¢0 is a contraction semigroup of class Co on Hyep. Thus{Sy}nem is a family of
semigroups on Hy,,,where

M = {n € N / n is even number multiple of four}.
And for simplicity we will denote to S,, as S.
Moreover, the following assertions hold:

1. If ¢ € Hy,p then S (+) @ € C ([0,0), Hper ).
2. The application ¢ — S (+) ¢ is continuous and verifies:

NG S(t)lpz”Hf,er <y — ¢2”H§er'Vt € [0,0)
and

SuPtefo) IS P1 = SOY2llug,, = V1 — Y2llug,,

with; € Hp, fori=1, 2.
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3. If @ € Hper then 0S(t)@ € Hyztt and 10:S(t)@lls—n < llglls, YVt € (0,00). That is, 0:S(t) € L
(Hper , Hper), Vt € (0,0), where

ng o v —
0.5 = [(~kMe ™ "4 (1),,| € H5 ¥ ¢ € Hier.

4. If € Hyep then 0S (+) @ € C ((0,0), Hper").
5. The application:  — 0:S (+) Y is continuous and verifies:

10:5(O; = 0. SO llugzr < s = Pallug,, vt € (0,)

and
SUPte(om 10:S ()1 — atS(t)IPz”H;;ﬁ <l — 1/’2||H§er

with; € Hp,, fori=1, 2.

Proof:

We first observe S(0)¢ = [(@(k))kez]’ = [@#]V = @, Vo € He,, thus S (0) = I. From linearity
of Fourier transformation and its inverse, we have that S(t) is linear. In effect, let be a € C, ¢,
Y € Hp,, , we have

S (ap + ) = [(e_knt[a‘p T l/}]A('Ic))kez]v
= [ a0 0 + $0), .|
=[a(e™0w0) _ +(e*pw0) |

= a[(e "0 (),.,| +[(eB), o]
=aS()(p) +SOW),

for t € [0,00).
If ¢ € Hy,, and t € (0,00), we will prove that S(t)¢ € H;,, and IS(t)glls = llglls, that is IS(E)Il = 1.

In effect, similar to (3.3), for t € (0,0) and ¢ € H;,, we have

+00
Ng o 2
IS@0lE;,, =2r ) (1+k2le o)
k=—o0
+00
<21 Z (1 + k2)5|p (k) |2
k=—0o0

_ 2
= s, <o
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Then, S(t)¢ € He, and IS()glls < llglls, ¥t € (0,0), that is S(&) € L (Hg,,) with IS()ll < 1, vt €
(0,%0).

Therefore,

IS()lls < liglls, Vt € [0,:0), Vo € Hppep- . (3.17)
That is,

S(t) € L (Hper ) with IS()Il < 1, V¢ € [0,00). (3.18)

Now we will prove that S (t + r) = S(t) ° S(r), Vt, r € [0,:0). In effect, let be f€ Hj.-and t, r €
(0,0),

S(t+1)f = [(e‘kn(t”) f(k))kez]v

o $ (3.19)
= (e F (1),
We know that if f EHS,, then f € 2, that s
12 o(1+ k2| F()|* < 0. (3.20)
We affirm that
(e™*7f(k)), ., €2,V €[0,0). (3.21)

Indeed, when r = 0 it is evident that the statement is true. Thus, we will prove the case r €
(0,00). For this, it is enough to observe that

> a+iyle ol

k=—o0

_ z (14 k)% [e 26" | |F ()|
1

k=—o <

< Z (1 +k25|f()|* < oo,
k=—00

since it worth (3.20).

Then, from (3.21) and taking the inverse Fourier transform, we have

(™7 (1)), _,] € Hser V7 € [0,00).
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This motivates us to define

o A v
9, = (™" F(0)),..,| € Hier-
That is,
gr =S)f.
Also, taking the Fourier transform to g, we obtain
G = (" f0),
that is
gr(k) =e ¥ f(k), vk e Z.
Using (3.23) in (3.19) and from (3.22) we have
—k™Mt—~ v
St +7) = [(e"g k), |
= S(t)g-
= S(O[SMf]
=[S(t) o S(r)]f,Vt,r € (0,0).
Thus,

s(t+1r)=S(t)S(r),vt,r € (0,).

If t =0 or r =0, then the equality of (3.24) is also true, with this we conclude the proof of

(3.22)

(3.23)

(3.24)

S(t+r)=5(t)°S(r), Vt, r € [0,.). (3.25)
Now, we will prove the continuity of t = S(t)¢p
IIS(t + h)p — S(t)gaIIngr — 0 when h - 0. (3.26)
In effect, using item 3 of the proof of the preceding theorem, we have
IS+ e — SO,
=21 S (1 + k2)s|(e—k"(t+h) _ e_knt)(ﬁ(k)lz (3.27)
=21 Y2 (1 + k2)°1@U)? [H(t + h)I?
where H(t + h): = e K"(t+h) _ o—k"'t,
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We observe that }lin% H(t+h)=0.

Now, we again need the uniform convergence of the series in order to interchange the limits.
For this, we take the k-th term of the series and bound it with a convergent series, that is

I = 2m(1+ k271G (k) |2|e k" e+ — g=k"e)”
< 8r(1 + k21017,

where we have used the triangular inequality (property of the norm) and the inequality e ¢ <
1 for 6 € [0,0).

Thus,
P o lien < 4lloll2 < oo, (3.28)

and using the M-Test Weierstrass Theorem we get the series in (3.28) converges uniformly.
Then, interchanging limits is allowed, that is

+0o0
Illi_r)r(l)IIS(t +h)e — SOl = z }li_rf(l)lk,t,h =0
k:—OOh“_/

=0

and from here we conclude
limlIS(e + e — Sl =0
Remark 3.1: It verifies
lIm|IS()¢ — ¢lls = 0,V¢ € Hper-
Remark 3.2: With the remark 3.1 we would have that {S(t)};»o is a semigroup of class Co.

Lety, and ¥, close data in H,,,, then we will prove that their corresponding S(-)i1 and
S(*)y2, respectively, are also close. Since {S(t)}:s( is a semigroup of class C, of contraction, for
t € [0,0), we have

IS, — S(t)¢2||Hf,er = IS@® @by — '102)”1-15” < |l - 1/)2||H,§er-
Taking supremum over [0,0) we have

Supte[o,oo)||5(t)¢1 - S(t)l:bZHH;er = Iy, — 1/)2||H,5,er- (3.29)

From here we have that if 1 - 12 then S ()1 - S(-)¢2.
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We will prove: If ¢ € Hy,, then 9:5(t)p € Hy.* and 10:S(t)@lls—n < llglls. In effect, using [kn|? <

(1k|m)2 = (|k|2) < (1 + |k|2), vk € Zand e~ < 1, VO € [0,00), we have

+00
Ny A 2
10:S@lEn =2m > (1 +Kk(—kMe ™ (k)|

k=—0o0

+00
<2m ) (1 +E)T PP
k=—o0
+ 00
<2n Z (1 + k2)5|p(k)|? < oo
k=—o0

= lloll -

That is, 10:S(€)@lls-n < ll@lls. From this inequality we obtain
10:S(t)p1 — 0:S(t)P2lls-n < llgh1 = 2lls,
with ¢i € Hy,, fori=1, 2.
So, taking supremum over (0,), we have
SUPte(0,0), 10:S(E)Pp1 = 0eS(t)Pp2lls—n < lih1 = p2lls.

Finally, if ¢ € H,., we will prove the continuity of t = 0:5(t)¢. That is

10:S (t + h) @ = 0:S(E)plls-n » 0 when h — 0.
In effect, as item 3 of the proof of the preceding theorem, we have

10:5(¢ + B — 3:S (D)@l

+00
=2n Z (1 + k2)s~n| (e7K"E+1) — ¢k (—km)@(k)|”
k=—o0
+00
P Z (1+ k2)5 | (7™ — 1) (e~¥"). (k™ ()|*
k=—o0
+00
=2m ) (A +kD e = 1 e K Ip 0P
k=—o0
= 2m T2 (1 + k2T H(h) |2 e 72K |k™|2| @ (k)| (3.30)
where H(h) :== e *"" — 1, We observe that limn-o H(h) = 0.
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Now, we again need the uniform convergence of the series in order to interchange the limits.
For this, we take the k-th term of the series and bound it with a convergent series, that is

lien = 2m(L+ K25 H(R)|2. e 72K [k 2§ (k) 2
< 8rn(1+k*)°19()I?,

where we have used the triangular inequality (property of the norm), |k»|2 < (1 + |k|?)", VkE Z
and the equality e=? < 1 for 8 € [0, ) . Thus,

o len < 4lloll3 < oo, (3.31)

and using the M-Test Weierstrass Theorem we get the series in (3.31) converges uniformly.
Then, interchanging limits is allowed, that is

liml10,S (¢ + h)p = 0, S(D)PlI3n = Z lim ¢, = 0

k——oo
hence, we conclude

lim|[9:5(t + N = 0:S([O)¢lls—n =0.

u
We will give some additional properties of {S(t)}:s -

Corollary 3.3:
With the hypothesis of preceding Theorem, the following assertions hold
1. If ¢ € Hp, then S(t)¢ € Hper and IS(t)pllr < llgplls, VE € [0,00), Vr < s. That is S(t) € L (Hper,
Hper), VL€ [0,00), Vr <s.
2. If ¢ € Hpep then S (-) ¢ € C ([0,00), Hper ), Vr <.
3. The application: ¢ — S (+) ¢ is continuous and verifies:

IS()p1 = S(E)P2ll- < lip1 = p2lls, VE € [0,00), Vr <,
SUPtefo,w) IS(E)p1 = S(B)pallr < llp1 = ¢p2lls, Vr <s

with ¢i € Hye, fori=1, 2.

4. If ¢ € Hyer then 0:S(t)p € Hyprt and 10:S(£)plirn < @lls, VE € (0,00), Vr <s. That is 0:S(t) €
L (Hper, Hper'), Vt € (0,00), Vr < s where

0.5 = [((—k™e " "p(K)), . Z] € HIZMY @ € Her VP < s.

5. If ¢ € Hp,, then 0:S (+) ¢ € C ((0,90), Hpet'), Vr<s.
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6. The application: ¢ — 9¢S (+) ¢ is continuous and verifies:

10:S(E)p1 = BeS(E)Pallrn < i1 — P2lls, Ve € (0,00, Vr <5,
SuPrer 10:S(E)p1 - B:S(O)P2llrn < i1 — lls, Vr<'s

with ¢i € Hy, fori=1, 2.

Proof: Its proof is analogous to the proof of the second Corollary of Theorem 3.1, where we
use Sobolev imbedding.

|
Following, we state the Theorem 3.1 in function of the semigroup {S(t)}¢so -

Theorem 3.3:
Let be s € R, n an even number multiple of four and {S(t)};so the semigroup of class Co from
Theorem 3.2, then S ()¢ is the unique solution of

u € C([0,0), H3er ) N C((0,0), Hzt
uy = Auin Hpz'"
u(0)=9¢€ H{qur

in the sense that

lim [|Z22=02 _ 45 (8| (3.32)

h—0

=0
Hper
where A := =0y, and if ;~@, then S(-)p1~S(*) @, .

Moreover, the following regularity is satisfied: If ¢ € Hpe then S(t)@ € Hper, V1 < 5,Vt €
[0,0) and [IS(O)¢llus,, < ||§0||H56T,Vt € [0,0),Vr < s. Also, ||6tS(t)(p||H5;Tn < ||90”H59r'Vt €
(0,),Vr <5,V € Hye, .

Proof:

The proof of (3.32) is analogous to the item 4 of the proof of Theorem 3.1. And the proof of the
remaining statement is also similar to the proof of Theorem 3.1 and as a consequence of
Theorem 3.2.

DISSIPATIVE PROPERTY OF THE PROBLEM (P,)
Theorem 4.1
Let n is an even number multiple of four and w the solution of (P;) with initial data ¢ € Hpe,

then we obtain the following results:
L 0llw(®Ollin = —4m XEZ_ (1 + k2 k™MW ()]? < 0.
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2. [w®lls-n < ll@lls-n < ll@lls, t € [0,0).

Proof:
As Hye © Hpgt' then the following expressions: (0,w, w)s_p, and (w, 9,w),_,, are well defined.
So, we have

llw®Oli-n = A(w(t), w(t))s—n
= (0w(t), w(t))s—n + (W(E), 0 w(t))s—n (4.1)
2Re (0w (), w(E))s—n -

Also, we obtain

@MW), w(t))sen, = 20552 (14 kDS w(k) - w(k)
= 2 YF8 (1 + kDS (k) w (k) - w(k) (4.2)
= 2 Y2 (1 + k2 k™ w(k)|*
b=

noting (ik)" = k™ when n is an even number multiple of four.
Now, we will prove that the series of the equality (4.2) is convergent. In effect, using the

inequality: [k|™ < |k|*™ = (k)™ < (1 + |k|*)™ and w(t) € Hj, we have

+00
< Y A+ TR

k:—OO

>+ R P

k=—o0

< Z (1 + k251 + |k|D)™ W (k)|

k=—o0
+00
R 1
= > A+ EIREOP = S [wOI <.
k=—o0

Then the series (4.2) is convergent, that is,
(OFw(t),w(t))s—n = b,withb ER. (4.3)
From (4.1), using d,w = —ady'w and the equality (4.3) we get

Ollw®Oll3-n = 2Re (0w (), w(t))s—n

2Re (—0xw(t),w(t))s—n

—2Re (a;ciw(t)'w(t))s—n
=b

= —-2b <0
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sinceb = 0.

Therefore, ||w(t)||2_,, is not increasing. Then, |[w(t)||’:_, < llw(0)||2%_,,,V t € [0,0). As
(Uw®lls=n = WO [s—) AW lls—r + [IW(0)[[s-n) < 0, we have

Iw(Olls-n < lw(@ls-n < lw(0)lls, vt € [0, ).
Thatis, [[W(O)lls-n < ll@lls-n < ll@lls, vt € [0,0).
[
Corollary 4.1

[Continuous dependence of the solution of (P;)] Let u and v solutions of (P,) with initial data
and , in Hy,, , respectively. Then the following assertions hold

Oellu(t) —v(®ll3-n <0
and
lu(@®) —v(Olls—n = 11 — Y2lls—n < 1 — P2lls, t € [0,00). (4.4)

Proof:
Define w := u — v then w satisfies

ow +dyw =20
w(0) = P — P,.

We conclude using the Theorem 4.1.

Corollary 4.2:
[Uniqueness of solution of (P;)] The problem (P;) has a unique solution.

Proof:

In effect, let u and v solutions of (P;) with the same initial data, that isy; = ¥, = . From
(4.4) we obtain ||u(t) —v(t)lls—n < |0l = 0. Then, |[u(t) —v(t)|ls—n =0. So, u(t) =
v(t),Vt € R, thatisu = v.

[

Finally,

Remark 4.1:
When n is an even number not a multiple of four, the problem (P1) has no solution.
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CONCLUSIONS

By Fourier theory, we proved in detail the existence and uniqueness of solution to the model
(P1) when n is an even number multiple of four, as well as the continuous dependency of the
solution respect to the initial data. Later on, we introduced the semigroup theory to rewrite
the solution of problem (P1) by this theory, making it much more fine. We used semigroups
theory and get important results of existence and approximation. Finally, we demonstrate the
dissipative property of the homogeneous problem, which allowed us to deduce the
continuous dependence (with respect to the initial data) and uniqueness solution of (P1).
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