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ABSTRACT 

In this article, we prove that initial value problem associated to the Schrödinger 
type non homogeneous equation in periodic Sobolev spaces has a local solution in 
[0, T] with T > 0, and the solution has continuous dependence with respect to the 
initial data and the non homogeneous part of the problem. We do this in a intuitive 
way using Fourier theory and introducing a 𝑪𝒐- group inspired by the work of Iorio 
[1] and Santiago [7]. Also, we prove the uniqueness solution of the Schrödinger 
type homogeneous equation, using its conservative property, inspired by the work 
of Iorio [1] and Santiago [6]. Finally, we study its generalization to n-th order 
equation. 
 
Keywords: Uniqueness solution, Schrödinger type equation, non homogeneous 
equation, n-th order equation, periodic Sobolev spaces, Fourier Theory, calculus in 
Banach spaces. 

 
INTRODUCTION 

First, we want to comment that from Theorem 3.1 in [5], we have that the homogeneous 
problem is globally well posed and, in addition to the equality (3.2) in [5], we have the 
continuous dependence of the solution of homogeneous problem respect to the initial data. 
 
In this work, in Theorem 3.2 we will prove the existence and uniqueness of the local solution 
for the non homogeneous problem and from inequality (3.8) we will get the continuous 
dependence of the solution with respect to the initial data and respect to the non 
homogeneous part. 
 
Thus, in both homogeneous and non homogeneous cases, the estimatives are made from the 
explicit form of the solution, that is, by applying the Fourier transform to the respective 
equation. Another result in this work is about the conservative property of the homogeneous 
problem and some estimates of it, using differential calculus in 𝐻𝑝𝑒𝑟

𝑠  . This is included in 

Theorem 3.3 which we will develop in subsection 3.2. So, using Theorem 3.3, we deduce the 
results of continuous dependence and uniqueness of solution for homogeneous problem. 
 
Finally, we get to generalize the results obtained. 
 
We cite some works about Schrödinger equation [1], [5] and for dissipative properties of 
systems [2]. 
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Our article is organized as follows. In section 2, we indicate the methodology used and cite the 
references used. In section 3, we proved the main results for the non homogeneous 
Schrödinger type equation. Also, in this section we manage to generalize the results to the n-
th order equation. 
 
Finally, in section 4, we give the conclusions of our study. 
 

METHODOLOGY 
As a theoretical framework in this article we use the existence and regularity results of [5]. 
Also, we use the references [1], [5], [6], [7], [8], [9] and [3] for the Fourier theory in periodic 
Sobolev spaces, and differential and integral calculus in Banach spaces. 
 

MAIN RESULTS 
First, using the Fourier transform, we will prove that the non homogeneous problem has a 
unique solution and it continuously depends respect to the initial data and the non 
homogeneity in compact intervals. 
 
Second, we will study the uniqueness of the solution for homogeneous case using another 
technique that involves the conservative property of the problem. 
Finally, we will get to generalize the results to n-th order equation. 
 
The Non Homogeneous Problem (𝑸𝟑

𝑭 ) is Locally Well Posed 
Theorem 3.1: 
Let s a fixed real number, 𝐹 ∈ 𝐶([0, 𝑇], 𝐻𝑝𝑒𝑟

𝑠 ), where T>0, {𝑆(𝑡)}𝑡∈𝑅 the unitary group of class 

𝐶𝑜 of homogeneous case (F = 0), introduced in the Theorem 4.1 from [5], and 
 

𝑢𝑝(𝑡): = ∫ 𝑆(𝑡 − 𝜏)𝐹(𝜏)𝑑𝜏
𝑡

0

. 

 

Then 𝑢𝑝 ∈ 𝐶([0, 𝑇], 𝐻𝑝𝑒𝑟
𝑠 ) ∩ 𝐶1([0, 𝑇], 𝐻𝑝𝑒𝑟

𝑠−2) and satisfies 

 

|

 
𝜕𝑡𝑢𝑝(𝑡) − 𝑖𝜇𝜕𝑥

2𝑢𝑝(𝑡) + 𝑖𝛼 𝑢𝑝(𝑡) = 𝐹(𝑡)  ∈  𝐻𝑝𝑒𝑟
𝑠−2 

𝑢𝑝(0) = 0 
                     (3.1) 

 
with the derivative given by  
 

 lim
ℎ→0

‖
𝑢𝑝(𝑡+ℎ)−𝑢𝑝(𝑡)

ℎ
− 𝑖𝜇𝜕𝑥

2𝑢𝑝(𝑡) + 𝑖𝛼 𝑢𝑝(𝑡) − 𝐹(𝑡)‖
𝑠−2

= 0.         (3.2) 

 
Proof: 
We remark that 𝑆(𝑡 − 𝜏)𝐹(𝜏) ∈  𝐻𝑝𝑒𝑟

𝑠 , ∀𝜏 ∈ (0, 𝑡) and 𝜏 → 𝑆(𝑡 − 𝜏)𝐹(𝜏) is continuous in [0, t] 

then exists 
∫ 𝑆(𝑡 − 𝜏)𝐹(𝜏)𝑑𝜏
𝑡

0⏟            

𝑢𝑝(𝑡) =
∈ 𝐻𝑝𝑒𝑟

𝑠  . 
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Now, we will prove 𝑢𝑝 ∈ 𝐶([0, 𝑇],𝐻𝑝𝑒𝑟
𝑠 ) , that is, ‖ 𝑢𝑝(𝑡 + ℎ) − 𝑢𝑝(𝑡) ‖𝑠 → 0 when ℎ → 0.  

 
Let ℎ > 0  
 

𝑢𝑝(𝑡 + ℎ) − 𝑢𝑝(𝑡) = ∫ 𝑆(𝑡 + ℎ − 𝜏)𝐹(𝜏)𝑑𝜏
𝑡+ℎ

0

−∫ 𝑆(𝑡 − 𝜏)𝐹(𝜏)𝑑𝜏
𝑡

0

− = ∫ {𝑆(𝑡 + ℎ − 𝜏) − 𝑆(𝑡 − 𝜏)}𝐹(𝜏)𝑑𝜏
𝑡

0

 

− − +∫ 𝑆(𝑡 + ℎ − 𝜏)𝐹(𝜏)𝑑𝜏
𝑡+ℎ

𝑡

 

 

 
taking the norm ‖∙ ‖𝑠 we obtain 
 

‖𝑢𝑝(𝑡 + ℎ) − 𝑢𝑝(𝑡)‖𝑠 ≤ ‖∫ {𝑆(𝑡 + ℎ − 𝜏) − 𝑆(𝑡 − 𝜏)}𝐹(𝜏)𝑑𝜏
𝑡

0

‖
𝑠⏟                          

𝐼1≔

− − +‖∫ 𝑆(𝑡 + ℎ − 𝜏)𝐹(𝜏)𝑑𝜏
𝑡+ℎ

𝑡

‖
𝑠⏟                  

𝐼2≔

 .

 

 
Using the M-Test of Weierstrass we get 
 

𝐼1 ≤ ∫ ‖𝑆(𝑡 + ℎ − 𝜏)𝐹(𝜏) − 𝑆(𝑡 − 𝜏)𝐹(𝜏)‖𝑠 𝑑𝜏
𝑡

0

− ≤
𝜖

2𝑇
∙ ∫ 𝑑𝜏

𝑡

0

 =  
𝜖𝑡

2𝑇
 ≤  

𝜖𝑇

2𝑇
 =  

𝜖

2
 

 

 
since ∃δ > 0 such that: 
  

if |ℎ| < 𝛿 then ‖𝑆(𝑡 + ℎ − 𝜏)𝐹(𝜏) − 𝑆(𝑡 − 𝜏)𝐹(𝜏)‖𝑠  <  
𝜖

2𝑇
 , ∀𝜏 ∈ (0, 𝑡). 

 
Using the mean value Theorem in 𝐻𝑝𝑒𝑟

𝑠  we obtain 

 
1

ℎ
∙ ∫ 𝑆(𝑡 + ℎ − 𝜏)𝐹(𝜏)𝑑𝜏

𝑡+ℎ

𝑡

 →  𝑆(0)𝐹(𝑡)  =  𝐹(𝑡) 

 
when ℎ → 0 . Then 
 

∫ 𝑆(𝑡 + ℎ − 𝜏)𝐹(𝜏)𝑑𝜏
𝑡+ℎ

𝑡

= ℎ⏟
→0

∙
1

ℎ
∫ 𝑆(𝑡 + ℎ − 𝜏)𝐹(𝜏)𝑑𝜏
𝑡+ℎ

𝑡⏟                
→𝐹(𝑡)

 →  0 
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when ℎ → 0 . So, we have 
 

𝐼2 = ‖∫ 𝑆(𝑡 + ℎ − 𝜏)𝐹(𝜏)𝑑𝜏
𝑡+ℎ

𝑡

‖
𝑠

 → 0 

 

when ℎ → 0 . That is 𝐼2 < 
𝜖

2
 whenever |ℎ| <  𝛿∗ . 

 

Therefore, ‖𝑢𝑝(𝑡 + ℎ) − 𝑢𝑝(𝑡)‖𝑠  ≤  𝐼1 + 𝐼2 < 𝜖 whenever |ℎ| <  min{𝛿, 𝛿∗}. 

 
From definition of 𝑢𝑝(𝑡) we have 𝑢𝑝(0) = 0 . 

 
Now, we will prove that ∃ 𝜕𝑡𝑢𝑝(𝑡) in 𝐻𝑝𝑒𝑟

𝑠−2 . In effect 

 
𝑢𝑝(𝑡 + ℎ) − 𝑢𝑝(𝑡)

ℎ
  

 

=
1

ℎ
{∫ 𝑆(𝑡 + ℎ − 𝜏)𝐹(𝜏)𝑑𝜏

𝑡+ℎ

0

− ∫ 𝑆(𝑡 − 𝜏)𝐹(𝜏)𝑑𝜏
𝑡

0

} 

=
1

ℎ
{∫ {𝑆(𝑡 + ℎ − 𝜏)𝐹(𝜏) − 𝑆(𝑡 − 𝜏)𝐹(𝜏)} 𝑑𝜏

𝑡

0

+ ∫ 𝑆(𝑡 + ℎ − 𝜏)𝐹(𝜏)𝑑𝜏
𝑡+ℎ

𝑡

} 

=  
1

ℎ
∫ {𝑆(𝑡 + ℎ − 𝜏)𝐹(𝜏) − 𝑆(𝑡 − 𝜏)𝐹(𝜏)} 𝑑𝜏
𝑡

0

+ 
1

ℎ
∫ 𝑆(𝑡 + ℎ − 𝜏)𝐹(𝜏)𝑑𝜏.
𝑡+ℎ

𝑡

  

 
Using the mean value Theorem in 𝐻𝑝𝑒𝑟

𝑠−2 we obtain 

 
1

ℎ
∙ ∫ 𝑆(𝑡 + ℎ − 𝜏)𝐹(𝜏)𝑑𝜏

𝑡+ℎ

𝑡

 →  𝑆(0)𝐹(𝑡)  =  𝐹(𝑡)                   (3.3) 

 
when ℎ → 0 . 
 
Since 
 

𝑆(𝑡 + ℎ − 𝜏)𝐹(𝜏) − 𝑆(𝑡 − 𝜏)𝐹(𝜏)

ℎ
 

 
converges uniformly to 𝜕𝑡{𝑆(𝑡 − 𝜏)𝐹(𝜏)} in 𝐻𝑝𝑒𝑟

𝑠−2 ∀𝜏 ∈ [0, 𝑡], we obtain that 

 

∫
𝑆(𝑡 + ℎ − 𝜏)𝐹(𝜏) − 𝑆(𝑡 − 𝜏)𝐹(𝜏)

ℎ
 𝑑𝜏

𝑡

0

 

 

converges to ∫ 𝜕𝑡{𝑆(𝑡 − 𝜏)𝐹(𝜏)}
𝑡

0
𝑑𝜏 when ℎ → 0 . 
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Now, we remark that 𝜕𝑡{𝑆(𝑡 − 𝜏)𝐹(𝜏)} = (𝑖𝜇𝜕𝑥
2)𝑆(𝑡 − 𝜏)𝐹(𝜏) − 𝑖𝛼𝑆(𝑡 − 𝜏)𝐹(𝜏) in 𝐻𝑝𝑒𝑟

𝑠−2 . 

 
Since (𝑖𝜇𝜕𝑥

2) is a closed operator, then 
 

∫ (𝑖𝜇𝜕𝑥
2)𝑆(𝑡 − 𝜏)𝐹(𝜏)𝑑𝜏 = (𝑖𝜇𝜕𝑥

2)∫ 𝑆(𝑡 − 𝜏)𝐹(𝜏) 𝑑𝜏
𝑡

0

𝑡

0

. 

 
Therefore, 
 

∫ 𝜕𝑡{𝑆(𝑡 − 𝜏)𝐹(𝜏)}
𝑡

0

 𝑑𝜏 = (𝑖𝜇𝜕𝑥
2)∫ 𝑆(𝑡 − 𝜏)𝐹(𝜏) 𝑑𝜏

𝑡

0⏟            
𝑢𝑝(𝑡)=

− 𝑖𝛼∫ 𝑆(𝑡 − 𝜏)𝐹(𝜏) 𝑑𝜏
𝑡

0⏟            
𝑢𝑝(𝑡)=

 . 

 
That is, 
 

∫
𝑆(𝑡 + ℎ − 𝜏)𝐹(𝜏) − 𝑆(𝑡 − 𝜏)𝐹(𝜏)

ℎ
 𝑑𝜏 →  (𝑖𝜇𝜕𝑥

2)𝑢𝑝(𝑡) − 𝑖𝛼𝑢𝑝(𝑡)               (3.4)
𝑡

0

 

 
when ℎ → 0. 
 
Finally, in 𝐻𝑝𝑒𝑟

𝑠−2 , using (3.3) and (3.4) we get 

 

∃ lim
ℎ→0

𝑢𝑝(𝑡 + ℎ) − 𝑢𝑝(𝑡)

ℎ⏟              
𝜕𝑡𝑢𝑝(𝑡)=

= (𝑖𝜇𝜕𝑥
2)𝑢𝑝(𝑡) − 𝑖𝛼𝑢𝑝(𝑡) + 𝐹(𝑡) .  

  
Using the inequality ‖𝜕𝑥

𝑚𝑓‖𝑠−𝑚 ≤ ‖𝑓‖𝑠 , ∀𝑚 ∈ 𝑍+, ∀ 𝑓 ∈ 𝐻𝑝𝑒𝑟
𝑠  , we obtain 

 
‖𝜕𝑡𝑢𝑝(𝑡 + ℎ) − 𝜕𝑡𝑢𝑝(𝑡)‖𝑠−2 

 

= ‖(𝑖𝜇𝜕𝑥
2)𝑢𝑝(𝑡 + ℎ) − 𝑖𝛼𝑢𝑝(𝑡 + ℎ) + 𝐹(𝑡 + ℎ) − {(𝑖𝜇𝜕𝑥

2)𝑢𝑝(𝑡) − 𝑖𝛼𝑢𝑝(𝑡) + 𝐹(𝑡)}‖𝑠−2 

≤ ‖𝐹(𝑡 + ℎ) − 𝐹(𝑡)‖𝑠−2 + ‖(𝑖𝜇𝜕𝑥
2){ 𝑢𝑝(𝑡 + ℎ) − 𝑢𝑝(𝑡)}‖𝑠−2 + ‖𝑖𝛼{ 𝑢𝑝

(𝑡 + ℎ) − 𝑢𝑝(𝑡)}‖𝑠−2
= ‖𝐹(𝑡 + ℎ) − 𝐹(𝑡)‖𝑠−2 + |𝜇|‖𝜕𝑥

2{ 𝑢𝑝(𝑡 + ℎ) − 𝑢𝑝(𝑡)}‖𝑠−2 +
|𝛼| ‖{ 𝑢𝑝(𝑡 + ℎ) − 𝑢𝑝(𝑡)}‖𝑠−2 

 

≤ ‖𝐹(𝑡 + ℎ) − 𝐹(𝑡)‖𝑠−2 + |𝜇|‖ 𝑢𝑝(𝑡 + ℎ) − 𝑢𝑝(𝑡)‖𝑠 +
|𝛼|‖ 𝑢𝑝(𝑡 + ℎ) − 𝑢𝑝(𝑡)‖𝑠−2.  

 
So, since 𝑢𝑝(𝑡) ∈ 𝐻𝑝𝑒𝑟

𝑠  ⊂  𝐻𝑝𝑒𝑟
𝑠−1 ⊂ 𝐻𝑝𝑒𝑟

𝑠−2 , we have  

 

‖𝜕𝑡𝑢𝑝(𝑡 + ℎ) − 𝜕𝑡𝑢𝑝(𝑡)‖𝑠−2 

≤ ‖𝐹(𝑡 + ℎ) − 𝐹(𝑡)‖𝑠−2 + (|𝜇| + |𝛼|)‖ 𝑢𝑝(𝑡 + ℎ) − 𝑢𝑝(𝑡)‖𝑠.
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Now, since 𝐹: [0, 𝑇] → 𝐻𝑝𝑒𝑟
𝑠−2 and 𝑢𝑝: [0, 𝑇] → 𝐻𝑝𝑒𝑟

𝑠  are continuous, then 𝜕𝑡𝑢𝑝: [0, 𝑇] → 𝐻𝑝𝑒𝑟
𝑠−2 is 

continuous for 𝑡 ∈ [0, 𝑇], that is, 𝜕𝑡𝑢𝑝 ∈ 𝐶([0, 𝑇],𝐻𝑝𝑒𝑟
𝑠−2). 

 
Therefore, 𝑢𝑝 ∈ 𝐶([0, 𝑇], 𝐻𝑝𝑒𝑟

𝑠 ) ∩ 𝐶1([0, 𝑇], 𝐻𝑝𝑒𝑟
𝑠−2) .  

 
Theorem 3.2  
Let s a fixed real number, 𝜑 ∈ 𝐻𝑝𝑒𝑟

𝑠  , 𝐹 ∈ 𝐶([0, 𝑇], 𝐻𝑝𝑒𝑟
𝑠 ), where T>0 and {𝑆(𝑡)}𝑡∈𝑅 the unitary 

group of class 𝐶𝑜 in 𝐻𝑝𝑒𝑟
𝑠  as in Theorem 3.1, then 

 
The function 
 

𝑢𝐹(𝑡) ≔ 𝑆(𝑡)𝜑 + ∫ 𝑆(𝑡 − 𝜏)𝐹(𝜏) 𝑑𝜏
𝑡

0⏟            
, 𝑡 ∈ [0, 𝑇]                                (3.5)

𝑢𝑝(𝑡)=                                                      

 

 
belongs to 𝐶([0, 𝑇], 𝐻𝑝𝑒𝑟

𝑠 ) ∩ 𝐶1([0, 𝑇], 𝐻𝑝𝑒𝑟
𝑠−2) and 𝑢𝐹(𝑡) is the unique solution of 

 

(𝑄3
𝐹) |

 
𝑢𝑡 − 𝑖𝜇𝜕𝑥

2𝑢 + 𝑖𝛼𝑢 = 𝐹(𝑡) ∈ 𝐻𝑝𝑒𝑟
𝑠−2

𝑢(0) = 𝜑 
                                        (3.6) 

 
with the derivative given by 
 

lim
ℎ→0

‖
𝑢(𝑡 + ℎ) − 𝑢(𝑡)

ℎ
 − 𝑖𝜇𝜕𝑥

2𝑢(𝑡) + 𝑖𝛼𝑢(𝑡) − 𝐹(𝑡)‖
𝑠−2

= 0.            (3.7) 

 
The map 𝜓 → 𝑢  is continuous in the following sense. Let 𝜓𝑗 ∈ 𝐻𝑝𝑒𝑟

𝑠 , 𝐹𝑗 ∈

𝐶([0, 𝑇],𝐻𝑝𝑒𝑟
𝑠 ) 𝑝𝑎𝑟𝑎 𝑗 = 1,2 then 𝑢1 and 𝑢2 the corresponding solutions to initial data 𝜓1 and 

𝜓2, and with non homogeneity 𝐹1 and 𝐹2 respectively, satisfy 
 
 

‖𝑢1(𝑡) − 𝑢2(𝑡)‖𝑠 ≤  ‖𝜓1 − 𝜓2‖𝑠 + 𝑇‖𝐹1 − 𝐹2‖∞,𝑠, 𝑡 ∈ [0, 𝑇],         (3.8)

𝑠𝑢𝑝𝑡∈[0,𝑇]‖𝑢1(𝑡) − 𝑢2(𝑡)‖𝑠⏟                
‖𝑢1−𝑢2‖∞,𝑠=

≤ ‖𝜓1 − 𝜓2‖𝑠 + 𝑇‖𝐹1 − 𝐹2‖∞,𝑠 (3.9)  

 
‖𝜕𝑡𝑢1(𝑡) − 𝜕𝑡𝑢2(𝑡)‖𝑠−2 

 
≤ (|𝜇| + |𝛼|)‖𝑢1(𝑡) − 𝑢2(𝑡)‖𝑠 + ‖𝐹1 − 𝐹2‖∞,𝑠−2 , 𝑡 ∈ [0, 𝑇],                                        

≤ (|𝜇| + |𝛼|)‖𝑢1 − 𝑢2‖∞,𝑠 + ‖𝐹1 − 𝐹2‖∞,𝑠                        

≤ (|𝜇| + |𝛼|)‖𝜓1 − 𝜓2‖∞,𝑠 + ((|𝜇| + |𝛼|)𝑇 + 1)‖𝐹1 − 𝐹2‖∞,𝑠                          (3.10)

 

 
where we have used the notation 
 

‖ℎ‖∞,𝑟 ≔ 𝑠𝑢𝑝𝑡∈[0,𝑇]‖ℎ(𝑡)‖𝑟 , ℎ ∈ 𝐶([0, 𝑇], 𝐻𝑝𝑒𝑟
𝑟 ).                        (3.11) 
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Proof:  
We work the following steps. 
 
Let 𝑢(𝑡) ≔ 𝑢𝐹(𝑡) = 𝑆(𝑡)𝜑 + 𝑢𝑝(𝑡), we will prove that 𝑢 ∈ 𝐶([0, 𝑇], 𝐻𝑝𝑒𝑟

𝑠 ) ∩ 𝐶1([0, 𝑇], 𝐻𝑝𝑒𝑟
𝑠−2) . 

In effect, as 𝑆(∙)𝜑 ∈ 𝐶([0, 𝑇],𝐻𝑝𝑒𝑟
𝑠 )  and 𝑢𝑝(∙) ∈ 𝐶([0, 𝑇], 𝐻𝑝𝑒𝑟

𝑠 )  then 𝑢(∙) = 𝑆(∙)𝜑 + 𝑢𝑝(∙) ∈

𝐶([0, 𝑇],𝐻𝑝𝑒𝑟
𝑠 ).  

 
Moreover, as  
 

𝑆(∙)𝜑 ∈ 𝐶1([0, +∞),𝐻𝑝𝑒𝑟
𝑠−2) and 𝑢𝑝(∙) ∈ 𝐶

1([0, 𝑇], 𝐻𝑝𝑒𝑟
𝑠−2)  

 
then 
  

𝑢(∙) = 𝑆(∙)𝜑 + 𝑢𝑝(∙) ∈ 𝐶
1([0, 𝑇], 𝐻𝑝𝑒𝑟

𝑠−2). 

 
We will prove that 𝑢 is the solution of (𝑄3

𝐹). In effect, we know that ∃𝜕𝑡𝑆(𝑡)𝜑 and ∃𝜕𝑡𝑢𝑝(𝑡) in 

𝐻𝑝𝑒𝑟
𝑠−2 , then 

 
𝜕𝑡𝑢(𝑡) = 𝜕𝑡 𝑆(𝑡)𝜑⏟  

𝑢ℎ(𝑡)≔

+ 𝜕𝑡𝑢𝑝(𝑡) 

− = 𝑖𝜇𝜕𝑥
2𝑢ℎ(𝑡) − 𝑖𝛼𝑢ℎ(𝑡) + 𝑖𝜇𝜕𝑥

2𝑢𝑝(𝑡) − 𝑖𝛼𝑢𝑝(𝑡) + 𝐹(𝑡)

− = 𝑖𝜇𝜕𝑥
2{𝑢ℎ(𝑡) + 𝑢𝑝(𝑡)} − 𝑖𝛼{𝑢ℎ(𝑡) + 𝑢𝑝(𝑡)} + 𝐹(𝑡) 

 

=  𝑖𝜇𝜕𝑥
2𝑢(𝑡) − 𝑖𝛼𝑢(𝑡) + 𝐹(𝑡)  

 
in 𝐻𝑝𝑒𝑟

𝑠−2 , where 𝑢ℎ(∙) is solution of the homogeneous equation ( 𝑄3 ≔ 𝑄3
0 ). 

 
Also, 𝑢(0) = 𝑢ℎ(0) + 𝑢𝑝(0) = 𝜑 + 0 = 𝜑 . 

 

Let 𝜓𝑗 ∈ 𝐻𝑝𝑒𝑟
𝑠  and 𝐹𝑗 ∈ 𝐶([0, 𝑇], 𝐻𝑝𝑒𝑟

𝑠 ) for 𝑗 = 1,2 , then 

 

𝑢𝑗(𝑡) = 𝑆(𝑡)𝜓𝑗 +∫ 𝑆(𝑡 − 𝜏)𝐹𝑗(𝜏)𝑑𝜏
𝑡

0

 

 

is solution of (𝑄3
𝐹𝑗) with initial data 𝑢𝑗(0) = 𝑆(0)𝜓𝑗 = 𝜓𝑗  , for 𝑗 = 1,2 . 

 
Then 

𝑢1(𝑡) − 𝑢2(𝑡) = 𝑆(𝑡){𝜓1 − 𝜓2} + ∫ 𝑆(𝑡 − 𝜏){𝐹1(𝜏) − 𝐹2(𝜏)}𝑑𝜏.
𝑡

0

 

 
From where we obtain, for t<T: 
 

 ‖𝑢1(𝑡) − 𝑢2(𝑡)‖𝑠 ≤  ‖𝑆(𝑡){𝜓1 − 𝜓2}‖𝑠 +∫ ‖𝑆(𝑡 − 𝜏){𝐹1(𝜏) − 𝐹2(𝜏)}‖𝑠𝑑𝜏 
𝑡

0
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= ‖𝜓1 − 𝜓2‖𝑠 +∫ ‖𝐹1(𝜏) − 𝐹2(𝜏)‖𝑠𝑑𝜏
𝑡

0

 

≤ ‖𝜓1 − 𝜓2‖𝑠 + 𝑠𝑢𝑝𝜏∈[0,𝑇]‖𝐹1(𝜏) − 𝐹2(𝜏)‖𝑠∫ 𝑑𝜏
𝑡

0

≤  ‖𝜓1 − 𝜓2‖𝑠 + 𝑇 ∙ 𝑠𝑢𝑝𝜏∈[0,𝑇]‖𝐹1(𝜏) − 𝐹2(𝜏)‖𝑠.

 

 
Therefore, 
 

𝑠𝑢𝑝𝜏∈[0,𝑇]‖𝑢1(𝑡) − 𝑢2(𝑡)‖𝑠 ≤ ‖𝜓1 − 𝜓2‖𝑠 + 𝑇 ∙ 𝑠𝑢𝑝𝜏∈[0,𝑇]‖𝐹1(𝜏) − 𝐹2(𝜏)‖𝑠. 

 
On the other hand, in 𝐻𝑝𝑒𝑟

𝑠−2 we have 

 
𝜕𝑡𝑢𝑗(𝑡) = 𝜕𝑡𝑢ℎ,𝑗(𝑡) + 𝜕𝑡𝑢𝑝,𝑗(𝑡) 

− = [𝑖𝜇𝜕𝑥
2]𝑢ℎ,𝑗(𝑡) − 𝑖𝛼𝑢ℎ,𝑗(𝑡) + [𝑖𝜇𝜕𝑥

2]𝑢𝑝,𝑗(𝑡) − 𝑖𝛼𝑢𝑝,𝑗(𝑡) + 𝐹𝑗(𝑡)

− = [𝑖𝜇𝜕𝑥
2]𝑢𝑗(𝑡) − 𝑖𝛼𝑢𝑗(𝑡) + 𝐹𝑗(𝑡) .

 

 
for 𝑗 = 1,2 . So, 
 

𝜕𝑡𝑢1(𝑡) − 𝜕𝑡𝑢2(𝑡) = [𝑖𝜇𝜕𝑥
2]{𝑢1(𝑡) − 𝑢2(𝑡)} − 𝑖𝛼{𝑢1(𝑡) − 𝑢2(𝑡)} + {𝐹1(𝑡) − 𝐹2(𝑡)} . 

 
Taking norm, we obtain 
 

‖𝜕𝑡𝑢1(𝑡) − 𝜕𝑡𝑢2(𝑡)‖𝑠−2 

= ‖[𝑖𝜇𝜕𝑥
2]{𝑢1(𝑡) − 𝑢2(𝑡)} − 𝑖𝛼{𝑢1(𝑡) − 𝑢2(𝑡)} + {𝐹1(𝑡) − 𝐹2(𝑡)}‖𝑠−2 

≤ ‖[𝑖𝜇𝜕𝑥
2]{𝑢1(𝑡) − 𝑢2(𝑡)}‖𝑠−2 + ‖𝛼{𝑢1(𝑡) − 𝑢2(𝑡)}‖𝑠−2 + ‖𝐹1(𝑡) − 𝐹2(𝑡)‖𝑠−2.

  

 
Using 
 

‖𝜕𝑥
2𝑓‖𝑠−2 ≤ ‖𝑓‖𝑠 , ∀ 𝑓 ∈ 𝐻𝑝𝑒𝑟

𝑠  and 𝐻𝑝𝑒𝑟
𝑠  ⊂  𝐻𝑝𝑒𝑟

𝑠−1 ⊂ 𝐻𝑝𝑒𝑟
𝑠−2 , 

 
we get 
 

‖𝜕𝑡𝑢1(𝑡) − 𝜕𝑡𝑢2(𝑡)‖𝑠−2  
 ≤ |𝜇|‖𝑢1(𝑡) − 𝑢2(𝑡)‖𝑠 + |𝛼|‖𝑢1(𝑡) − 𝑢2(𝑡)‖𝑠−2 + ‖𝐹1(𝑡) − 𝐹2(𝑡)‖𝑠−2  

≤ (|𝜇| + |𝛼|)‖𝑢1(𝑡) − 𝑢2(𝑡)‖𝑠 + 𝑠𝑢𝑝𝑡∈[0,𝑇]‖𝐹1(𝑡) − 𝐹2(𝑡)‖𝑠−2 

≤ (|𝜇| + |𝛼|)‖𝑢1 − 𝑢2‖∞,𝑠 + ‖𝐹1 − 𝐹2‖∞,𝑠 

 ≤ (|𝜇| + |𝛼|)‖𝜓1 − 𝜓2‖𝑠 + ((|𝜇| + |𝛼|)𝑇 + 1)‖𝐹1 − 𝐹2‖∞,𝑠.

  

∎  
 
Remark 3.1  
Inequality (3.8) says that the solution of the non homogeneous problem (𝑄3

𝐹) continuously 
depends on the initial data and the non homogeneity F, in compact intervals. 
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Corollary 3.1:  
The problem (𝑄3

𝐹) has a unique solution. 
 
Proof:  
This follows by applying inequality (3.8) with 𝜓1 = 𝜓2 = 𝜑 and 𝐹1 = 𝐹2 = 𝐹 . 
 
∎  
 
Corollary 3.2: 
The unique solution of (𝑄3

𝐹) is 
 

𝑢(𝑡) = ∑ 𝑒−𝑖𝜇𝑘
2𝑡𝑒−𝑖𝛼𝑡𝜑̂(𝑘)𝜑𝑘

+∞

𝑘=−∞

  

 + ∫ ∑ 𝑒−𝑖𝜇𝑘
2(𝑡−𝜏)𝑒−𝑖𝛼(𝑡−𝜏)𝐹̂(𝑘, 𝜏)𝜑𝑘

+∞

𝑘=−∞

 𝑑𝜏
𝑡

0

 , 

 
where 𝜑𝑘(𝑥):= 𝑒

𝑖𝑘𝑥 for x ∈ R. 
 
Conservative Property of The Homogeneous Problem 
Let 𝑠 ∈ 𝑅, 𝜇 > 0, 𝛼 > 0 and the homogeneous problem 
 

(𝑄3) | 

𝑤 ∈ 𝐶(𝑅,𝐻𝑝𝑒𝑟
𝑠 ) ∩ 𝐶1(𝑅, 𝐻𝑝𝑒𝑟

𝑠−2) 

𝜕𝑡𝑤 − 𝑖𝜇𝜕𝑥
2𝑤 + 𝑖𝛼𝑤 = 0 ∈  𝐻𝑝𝑒𝑟

𝑠−2 

𝑤(0) = 𝜑 ∈  𝐻𝑝𝑒𝑟
𝑠  

 

 
Theorem 3.3: 
Let w the solution of (𝑄3) with initial data 𝜑 ∈ 𝐻𝑝𝑒𝑟

𝑠  then we obtain the following results: 

 
𝜕𝑡‖𝑤(𝑡)‖𝑠−2

2 = 0. 
 

‖𝑤(𝑡)‖𝑠−2 = ‖𝜑‖𝑠−2 ≤ ‖𝜑‖𝑠 , ∀𝑡 ∈ 𝑅 . 
 
Proof:  
As 𝐻𝑝𝑒𝑟

𝑠 ⊂ 𝐻𝑝𝑒𝑟
𝑠−2 then the following expressions: 〈𝜕𝑡𝑤,𝑤〉𝑠−2 and 〈𝑤, 𝜕𝑡𝑤〉𝑠−2 are well defined. 

 
So, we have 
 

𝜕𝑡‖𝑤(𝑡)‖𝑠−2
2 = 𝜕𝑡〈𝑤(𝑡), 𝑤(𝑡)〉𝑠−2 

− = 〈𝜕𝑡𝑤(𝑡),𝑤(𝑡)〉𝑠−2 + 〈𝑤(𝑡), 𝜕𝑡𝑤(𝑡)〉𝑠−2 

− = 2𝑅𝑒 〈𝜕𝑡𝑤(𝑡), 𝑤(𝑡)〉𝑠−2 . (3.12) 

  

 
Also, we obtain  
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〈𝜕𝑥
2𝑤(𝑡), 𝑤(𝑡)〉𝑠−2 = 2𝜋 ∑ (1 + 𝑘2)𝑠−2𝜕𝑥2𝑤̂(𝑘) ∙ 𝑤̂(𝑘)̅̅ ̅̅ ̅̅ ̅                                                            

+∞

𝑘=−∞

− = 2𝜋 ∑ (1 + 𝑘2)𝑠−2(𝑖𝑘)2𝑤̂(𝑘) ∙ 𝑤̂(𝑘)̅̅ ̅̅ ̅̅ ̅ 

+∞

𝑘=−∞

                                                      

− = − 2𝜋 ∑ (1 + 𝑘2)𝑠−2𝑘2|𝑤̂(𝑘)|2
+∞

𝑘=−∞⏟                    
𝑏≔

 .                                               (3.13)

  

 
Now, we will prove that the series of the equality (3.13) is convergent. In effect, using the 
inequality: |𝑘|2 ≤ |𝑘|4 = (|𝑘|2)2 ≤ (1 + |𝑘|2)2 and 𝑤(𝑡) ∈ 𝐻𝑝𝑒𝑟

𝑠  we have 

 

| ∑ (1 + 𝑘2)𝑠−2𝑘2|𝑤̂(𝑘)|2
+∞

𝑘=−∞

| ≤ ∑ (1 + 𝑘2)𝑠−2|𝑘|2|𝑤̂(𝑘)|2
+∞

𝑘=−∞

  

 

 ≤ ∑ (1 + 𝑘2)𝑠−2(1 + |𝑘|2)2|𝑤̂(𝑘)|2
+∞

𝑘=−∞

 = ∑ (1 + 𝑘2)𝑠|𝑤̂(𝑘)|2
+∞

𝑘=−∞

 =  
1

2𝜋
‖𝑤(𝑡)‖𝑠

2 < ∞ .

 

 
Then the series (3.13) is convergent, that is, 
 

〈𝜕𝑥
2𝑤(𝑡), 𝑤(𝑡)〉𝑠−2 = −𝑏 , with 𝑏 ∈ 𝑅

+ .                                                (3.14) 
 

As 𝜕𝑥𝑤̂(𝑘) = 𝑖𝑘𝑤̂(𝑘) and 𝜕𝑥𝑤̂(𝑘)
̅̅ ̅̅ ̅̅ ̅̅ ̅̅ = −𝑖𝑘𝑤̂(𝑘)̅̅ ̅̅ ̅̅ ̅, then their product is 

 

𝜕𝑥𝑤̂(𝑘) ∙ 𝜕𝑥𝑤̂(𝑘)
̅̅ ̅̅ ̅̅ ̅̅ ̅̅ = 𝑘2𝑤̂(𝑘)𝑤̂(𝑘)̅̅ ̅̅ ̅̅ ̅ = 𝑘2|𝑤̂(𝑘)|2.                               (3.15) 

 
Substituting (3.15) in (3.13) we obtain 
 

〈𝜕𝑥
2𝑤(𝑡),𝑤(𝑡)〉𝑠−2 = −2𝜋 ∑ (1 + 𝑘2)𝑠−2 𝜕𝑥𝑤̂(𝑘) ∙ 𝜕𝑥𝑤̂(𝑘)

̅̅ ̅̅ ̅̅ ̅̅ ̅̅  

+∞

𝑘=−∞

                             

− = −< 𝜕𝑥𝑤, 𝜕𝑥𝑤 >𝑠−2                                                                    

− = − ‖𝜕𝑥𝑤‖𝑠−2
2  ≤  0.                                                        (3.16) 

  

 
Obviously ‖𝜕𝑥𝑤‖𝑠−2 < ∞ since ‖𝜕𝑥𝑤‖𝑠−1 < ∞ and ‖𝜕𝑥𝑤‖𝑠−2 ≤ ‖𝜕𝑥𝑤‖𝑠−1 . 
 
From (3.12), using 𝜕𝑡𝑤 =  𝑖𝜇𝜕𝑥

2𝑤 − 𝑖𝛼𝑤 and the equality (3.16) we get  
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𝜕𝑡‖𝑤(𝑡)‖𝑠−2
2 = 2𝑅𝑒 〈𝜕𝑡𝑤(𝑡), 𝑤(𝑡)〉𝑠−2 

− = 2𝑅𝑒 〈𝑖𝜇𝜕𝑥
2𝑤(𝑡) − 𝑖𝛼𝑤(𝑡), 𝑤(𝑡)〉𝑠−2 

− = 2𝜇𝑅𝑒{ 𝑖〈𝜕𝑥
2𝑤(𝑡), 𝑤(𝑡)〉𝑠−2} − 2𝛼𝑅𝑒{𝑖 < 𝑤(𝑡). 𝑤(𝑡) >𝑠−2}

 

 =  2𝜇𝑅𝑒{− 𝑖‖𝜕𝑥𝑤‖𝑠−2
2 } −  2𝛼𝑅𝑒{ 𝑖‖𝑤‖𝑠−2

2 }  = 0 − 0 = 0 .  
 
Therefore, ‖𝑤(𝑡)‖𝑠−2

2  is a constant. Then, ‖𝑤(𝑡)‖𝑠−2
2 = ‖𝑤(0)‖𝑠−2

2  , ∀ 𝑡 ∈ 𝑅 .  
 
As  
 

(‖𝑤(𝑡)‖𝑠−2 − ‖𝑤(0)‖𝑠−2)(‖𝑤(𝑡)‖𝑠−2 + ‖𝑤(0)‖𝑠−2) = 0 , 
 
we have 
 

‖𝑤(𝑡)‖𝑠−2 = ‖𝑤(0)‖𝑠−2 ≤ ‖𝑤(0)‖𝑠 , ∀𝑡 ∈ 𝑅. 
 
That is, ‖𝑤(𝑡)‖𝑠−2 = ‖𝜑‖𝑠−2 ≤ ‖𝜑‖𝑠 , ∀𝑡 ∈ 𝑅 . 
 
∎ 
 
Corollary 3.3: 
[Continuous dependence of the solution of (𝑄3)] Let 𝑢 and 𝑣 solutions of (𝑄3) with initial data 
𝜓1 and 𝜓2 in 𝐻𝑝𝑒𝑟

𝑠  , respectively. Then the following assertions hold  

 
𝜕𝑡‖𝑢(𝑡) − 𝑣(𝑡)‖𝑠−2

2 = 0 
and  
 

‖𝑢(𝑡) − 𝑣(𝑡)‖𝑠−2 = ‖𝜓1 − 𝜓2‖𝑠−2 ≤ ‖𝜓1 − 𝜓2‖𝑠 , 𝑡 ∈ 𝑅.            (3.17) 
 
Proof:  
Define 𝑤 ≔ 𝑢 − 𝑣 then 𝑤 satisfies 
 

|
𝜕𝑡𝑤 − 𝑖𝜇𝜕𝑥

2𝑤 + 𝑖𝛼𝑤 = 0 

𝑤(0) =  𝜓1 − 𝜓2 .
 

 
We conclude using the Theorem 3.3. 
 
∎ 
 
Corollary 3.4: 
[Uniqueness of solution of (𝑄3)] The problem (𝑄3) has a unique solution. 
 
Proof:  
In effect, let 𝑢 and 𝑣 solutions of (𝑄3) with the same initial data, that is 𝜓1 = 𝜓2 = 𝜓 .  
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From (3.17) we obtain ‖𝑢(𝑡) − 𝑣(𝑡)‖𝑠−2 ≤ ‖0‖𝑠 = 0. Then, ‖𝑢(𝑡) − 𝑣(𝑡)‖𝑠−2 = 0 . So, 𝑢(𝑡) =
𝑣(𝑡), ∀𝑡 ∈ 𝑅, that is 𝑢 = 𝑣 .  
 
∎ 
 
Generalization of Results for Generalized Schrödinger Type Equation 
Theorem 3.4 Let s a fixed real number, n an even number not multiple of four, 𝐹 ∈
𝐶([0, 𝑇],𝐻𝑝𝑒𝑟

𝑠 ), where T>0, {𝒯(t)}𝑡∈𝑅 the unitary group of class 𝐶𝑜 of homogeneous case (F = 

0), introduced in the Theorem 4.1 from [4], and 
 

𝑢𝑝(𝑡): = ∫ 𝒯(𝑡 − 𝜏)𝐹(𝜏)𝑑𝜏
𝑡

0

. 

 

Then 𝑢𝑝 ∈ 𝐶([0, 𝑇], 𝐻𝑝𝑒𝑟
𝑠 ) ∩ 𝐶1([0, 𝑇], 𝐻𝑝𝑒𝑟

𝑠−𝑛) and satisfies 

 

|

 
𝜕𝑡𝑢𝑝 − 𝑖𝜇𝜕𝑥

𝑛𝑢𝑝 + 𝑖𝛼𝑢𝑝 = 𝐹(𝑡)  ∈  𝐻𝑝𝑒𝑟
𝑠−𝑛 

𝑢𝑝(0) = 0 
                                        (3.18) 

 
with the derivative given by  
 

 lim
ℎ→0

‖
𝑢𝑝(𝑡+ℎ)−𝑢𝑝(𝑡)

ℎ
− 𝑖𝜇𝜕𝑥

𝑛𝑢𝑝 + 𝑖𝛼𝑢𝑝 − 𝐹(𝑡)‖
𝑠−𝑛

= 0                 (3.19) 

 
 
Theorem 3.5: 
Let s a fixed real number, 𝜑 ∈ 𝐻𝑝𝑒𝑟

𝑠  , n an even number not multiple of four , 𝐹 ∈

𝐶([0, 𝑇],𝐻𝑝𝑒𝑟
𝑠 ), where T>0, and {𝒯(t)}𝑡∈𝑅 the unitary group of class 𝐶𝑜 in 𝐻𝑝𝑒𝑟

𝑠  as in Theorem 

3.4, then 
 
The function 
 

𝑢𝐹(𝑡) ≔ 𝒯(𝑡)𝜑 + ∫ 𝒯(𝑡 − 𝜏)𝐹(𝜏) 𝑑𝜏
𝑡

0⏟            
, 𝑡 ∈ [0, 𝑇]                           (3.20)

𝑢𝑝(𝑡)= 

 

 
belongs to 𝐶([0, 𝑇], 𝐻𝑝𝑒𝑟

𝑠 ) ∩ 𝐶1([0, 𝑇], 𝐻𝑝𝑒𝑟
𝑠−𝑛) and 

 
𝑢𝐹(𝑡) is the unique solution of 
 

(𝑄𝑛+1
𝐹 ) |

 
𝑢𝑡 − 𝑖𝜇𝜕𝑥

𝑛𝑢 + 𝑖𝛼𝑢 = 𝐹(𝑡) ∈ 𝐻𝑝𝑒𝑟
𝑠−𝑛

𝑢(0) = 𝜑 
                                   (3.21) 

 
with the derivative given by 
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lim
ℎ→0

‖
𝑢(𝑡 + ℎ) − 𝑢(𝑡)

ℎ
− 𝑖𝜇𝜕𝑥

𝑛𝑢 + 𝑖𝛼𝑢 − 𝐹(𝑡)‖
𝑠−𝑛

= 0 .                  (3.22) 

 

The map 𝜓 → 𝑢 is continuous in the following sense. Let 𝜓𝑗 ∈ 𝐻𝑝𝑒𝑟
𝑠  , 𝐹𝑗 ∈ 𝐶([0, 𝑇], 𝐻𝑝𝑒𝑟

𝑠 ), 𝑗 =

1,2 𝑡ℎ𝑒𝑛 𝑢1 and 𝑢2  the corresponding solutions to initial data 𝜓1  and 𝜓2 , and with non 
homogeneity 𝐹1 and 𝐹2 respectively, satisfy 
 
 

‖𝑢1(𝑡) − 𝑢2(𝑡)‖𝑠 ≤  ‖𝜓1 − 𝜓2‖𝑠 + 𝑇‖𝐹1 − 𝐹2‖∞,𝑠, 𝑡 ∈ [0, 𝑇],     (3.23)

𝑠𝑢𝑝𝑡∈[0,𝑇]‖𝑢1(𝑡) − 𝑢2(𝑡)‖𝑠⏟                
‖𝑢1−𝑢2‖∞,𝑠=

≤  ‖𝜓1 − 𝜓2‖𝑠 + 𝑇‖𝐹1 − 𝐹2‖∞,𝑠                         (3.24) 

 
‖𝜕𝑡𝑢1(𝑡) − 𝜕𝑡𝑢2(𝑡)‖𝑠−𝑛  

≤ (|𝝁| + |𝜶|)‖𝑢1(𝑡) − 𝑢2(𝑡)‖𝑠 + ‖𝐹1 − 𝐹2‖∞,𝑠−𝑛 , 𝑡 ∈ [0, 𝑇],                                

≤ (|𝝁| + |𝜶|)‖𝑢1 − 𝑢2‖∞,𝑠 + ‖𝐹1 − 𝐹2‖∞,𝑠 

≤ (|𝝁| + |𝜶|)‖𝜓1 − 𝜓2‖∞,𝑠 + {(|𝝁| + |𝜶|)𝑇 + 1}‖𝐹1 − 𝐹2‖∞,𝑠                  (3.25)

 

 
where we have used the notation  
 

‖ℎ‖∞,𝑟 ≔ 𝑠𝑢𝑝𝑡∈[0,𝑇]‖ℎ(𝑡)‖𝑟 , ℎ ∈ 𝐶([0, 𝑇], 𝐻𝑝𝑒𝑟
𝑟 ).                            (3.26) 

 
 
Remark 3.2: 
Inequality (3.23) says that the solution of the non homogeneous problem (𝑄𝑛+1

𝐹 ) continuously 
depends on the initial data and the non homogeneity F, in compact intervals. 
 
Corollary 3.5: 
The problem (𝑄𝑛+1

𝐹 ) has a unique solution. 
 
Proof:  
This follows by applying inequality (3.23) with 𝜓1 = 𝜓2 = 𝜑 and 𝐹1 = 𝐹2 = 𝐹 . 
 
∎ 
 
Corollary 3.6: 
The unique solution of (𝑄𝑛+1

𝐹 ) is 
 

𝑢(𝑡) = ∑ 𝑒−𝑖𝜇𝑘
𝑛𝑡𝑒−𝑖𝛼𝑡𝜑̂(𝑘)𝜑𝑘

+∞

𝑘=−∞

  

 + ∫ ∑ 𝑒−𝑖𝜇𝑘
𝑛(𝑡−𝜏)𝑒−𝑖𝛼(𝑡−𝜏)𝐹̂(𝑘, 𝜏)𝜑𝑘

+∞

𝑘=−∞

 𝑑𝜏
𝑡

0

 , 

 
where 𝜑𝑘(𝑥):= 𝑒

𝑖𝑘𝑥 for x ∈ R. 
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Conservative Property of The Problem (𝑸𝒏+𝟏) 
Let 𝑠 ∈ 𝑅 , n an even number not multiple of four and the homogeneous problem 
 

(𝑄𝑛+1) | 

𝑤 ∈ 𝐶(𝑅,𝐻𝑝𝑒𝑟
𝑠 ) ∩ 𝐶1(𝑅, 𝐻𝑝𝑒𝑟

𝑠−𝑛) 

𝜕𝑡𝑤 − 𝑖𝜇𝜕𝑥
𝑛𝑤 + 𝑖𝛼𝑤 = 0 ∈  𝐻𝑝𝑒𝑟

𝑠−𝑛 

𝑤(0) = 𝜑 ∈  𝐻𝑝𝑒𝑟
𝑠  .

 

 
Theorem 3.6: 
Let n is an even number not multiple of four and w the solution of (𝑄𝑛+1) with initial data 𝜑 ∈
𝐻𝑝𝑒𝑟
𝑠  then we obtain the following results: 

 
𝜕𝑡‖𝑤(𝑡)‖𝑠−𝑛

2 = 0. 
 

‖𝑤(𝑡)‖𝑠−𝑛 = ‖𝜑‖𝑠−𝑛 ≤ ‖𝜑‖𝑠 , ∀𝑡 ∈ 𝑅 . 
 
Proof:  
The proof is analogous to the proof of Theorem 3.3, noting that (𝑖𝑘)𝑛 = −𝑘𝑛, ∀𝑘 ∈ 𝑍 when n is 
an even number not multiple of four and 𝑘𝑛−2 ≥ 1, ∀𝑘 ∈ 𝑍 − {0} when n is an even number. 
 
∎ 
 
Corollary 3.7: 
[Continuous dependence of the solution of (𝑄𝑛+1)] Let 𝑢 and 𝑣 solutions of (𝑄𝑛+1) with initial 
data 𝜓1 and 𝜓2 in 𝐻𝑝𝑒𝑟

𝑠  , respectively. Then the following assertions hold  

 
𝜕𝑡‖𝑢(𝑡) − 𝑣(𝑡)‖𝑠−𝑛

2 = 0 
 
and  
 

‖𝑢(𝑡) − 𝑣(𝑡)‖𝑠−𝑛 = ‖𝜓1 − 𝜓2‖𝑠−𝑛 ≤ ‖𝜓1 − 𝜓2‖𝑠 , 𝑡 ∈ 𝑅.           (3.27) 
 
Proof:  
Define 𝑤 ≔ 𝑢 − 𝑣 then 𝑤 satisfies 
 

|
𝜕𝑡𝑤 − 𝑖𝜇𝜕𝑥

𝑛𝑤 + 𝑖𝛼𝑤 = 0 

𝑤(0) =  𝜓1 − 𝜓2 .
 

 
We conclude using the Theorem 3.6. 
 
∎ 
 
Corollary 3.8: 
[Uniqueness of solution of (𝑄𝑛+1)] The problem (𝑄𝑛+1) has a unique solution. 
 
Proof:  
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In effect, let 𝑢 and 𝑣 solutions of (𝑄𝑛+1) with the same initial data, that is 𝜓1 = 𝜓2 = 𝜓.  
 
From (3.27) we obtain ‖𝑢(𝑡) − 𝑣(𝑡)‖𝑠−𝑛 ≤ ‖0‖𝑠 = 0. Then, ‖𝑢(𝑡) − 𝑣(𝑡)‖𝑠−𝑛 = 0 . So, 𝑢(𝑡) =
𝑣(𝑡), ∀𝑡 ∈ 𝑅, that is 𝑢 = 𝑣 .  
 
∎ 
 
Remark 3.3: 
Results analogous to Theorems 3.4 and 3.5 are obtained when n is an even number multiple of 
four, where the solution non-homogeneous is 𝑉∗

𝐹(𝑡) ≔ 𝑉(𝑡)𝜑 + 𝑉𝑝(𝑡) with 

 

V(𝑡)𝜑 = [(𝑒𝑖𝜇𝑘
𝑛𝑡𝑒−𝑖𝛼𝑡𝜑̂(𝑘))

𝑘∈𝑍
]
∨

  

 

for the initial data 𝜑 ∈ 𝐻𝑝𝑒𝑟
𝑠  and 𝑉𝑝(𝑡): = ∫ 𝑉(𝑡 − 𝜏)𝐹(𝜏)𝑑

𝑡

0
𝜏 . 

 
Remark 3.4: 
Results analogous to theorem 3.6, Corollaries 3.7 and 3.8 are also obtained when n is an even 
number multiple of four, in this case, note that (𝑖𝑘)𝑛 = 𝑘𝑛 . 
 
 

CONCLUSIONS 
From our study of the Schrödinger type equation in periodic Sobolev spaces, we have 
obtained the following results: 

1. In Theorem 3.1 we obtain a particular solution of (𝑄3
𝐹) using calculus in 𝐻𝑝𝑒𝑟

𝑠  and 

Sobolev inmersion. 
2. In Theorem 3.2, using the Fourier transform, we proved that the non homogeneous 

problem (𝑄3
𝐹) is locally well posed in compacts, obtaining continuous dependence with 

respect to the initial data and the non homogeneity.  
3. We showed the conservative property of the homogeneous problem, which allowed us 

to deduce the continuous dependence (with respect to the initial data) and uniqueness 
solution of (𝑄3). 

4. We obtained results analogous to Theorem 3.1, Theorem 3.2, Corollary 3.1, Corollary 
3.2, Theorem 3.3, Corollary 3.3 and Corollary 3.4 for the n-th order Schrödinger type 
equation when n is an even number not multiple of four.  

5. Finally, we gave some remarks about the n-th order Schrödinger type equation when n 
is an even number multiple of four. 
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