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ABSTRACT

In this article, we prove that initial value problem associated to the Schrédinger
type non homogeneous equation in periodic Sobolev spaces has a local solution in
[0, T] with T > 0, and the solution has continuous dependence with respect to the
initial data and the non homogeneous part of the problem. We do this in a intuitive
way using Fourier theory and introducing a C,- group inspired by the work of Iorio
[1] and Santiago [7]. Also, we prove the uniqueness solution of the Schrodinger
type homogeneous equation, using its conservative property, inspired by the work
of Iorio [1] and Santiago [6]. Finally, we study its generalization to n-th order
equation.
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INTRODUCTION
First, we want to comment that from Theorem 3.1 in [5], we have that the homogeneous
problem is globally well posed and, in addition to the equality (3.2) in [5], we have the
continuous dependence of the solution of homogeneous problem respect to the initial data.

In this work, in Theorem 3.2 we will prove the existence and uniqueness of the local solution
for the non homogeneous problem and from inequality (3.8) we will get the continuous
dependence of the solution with respect to the initial data and respect to the non
homogeneous part.

Thus, in both homogeneous and non homogeneous cases, the estimatives are made from the
explicit form of the solution, that is, by applying the Fourier transform to the respective
equation. Another result in this work is about the conservative property of the homogeneous
problem and some estimates of it, using differential calculus in Hy,, . This is included in
Theorem 3.3 which we will develop in subsection 3.2. So, using Theorem 3.3, we deduce the
results of continuous dependence and uniqueness of solution for homogeneous problem.

Finally, we get to generalize the results obtained.

We cite some works about Schrodinger equation [1], [5] and for dissipative properties of
systems [2].
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Our article is organized as follows. In section 2, we indicate the methodology used and cite the
references used. In section 3, we proved the main results for the non homogeneous
Schrodinger type equation. Also, in this section we manage to generalize the results to the n-
th order equation.

Finally, in section 4, we give the conclusions of our study.

METHODOLOGY
As a theoretical framework in this article we use the existence and regularity results of [5].
Also, we use the references [1], [5], [6], [7], [8], [9] and [3] for the Fourier theory in periodic
Sobolev spaces, and differential and integral calculus in Banach spaces.

MAIN RESULTS
First, using the Fourier transform, we will prove that the non homogeneous problem has a
unique solution and it continuously depends respect to the initial data and the non
homogeneity in compact intervals.

Second, we will study the uniqueness of the solution for homogeneous case using another
technique that involves the conservative property of the problem.
Finally, we will get to generalize the results to n-th order equation.

The Non Homogeneous Problem (Q} ) is Locally Well Posed

Theorem 3.1:

Let s a fixed real number, F € C([O, T], H;er), where T>0, {S(t)};cg the unitary group of class
C, of homogeneous case (F = 0), introduced in the Theorem 4.1 from [5], and

t

Uy (t): = j S(t —1)F(1)dr.
0
Then w, € C([0,T], Hyer) N CY([0,T], H3;?) and satisfies

0u, (t) — ipdfiu, () +iau,(t) = F(t) € Hpp?

o (0) =0 (3.1)

with the derivative given by

lim

||up(t+h)—up(t)
h—-0

— (udZuy (£) + iy (£) — F(t)” =0 (32

Proof:
We remark that S(t — t)F(t) € Hp,,, VT € (0,t) and 7 - S(t — 7)F(7) is continuous in [0, t]

[, S(t — DF (1)dr
then exists € Hper -

uy(t) =
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Now, we will prove u, € C([O, T],H;er) , that is, || up(t + h) —uy(t) ||S — 0 when h — 0.

Leth >0

t

t+h
wy(t+h) —up(t) = fo St + h — DF(2)dr - fo S(t — DF(0)dr
_ f S+ h— 1) — S(t — DIF(D)dr
° t+h
+f S(t+h—1)F(1)dt
t

taking the norm || || we obtain

||lu, (e + B) — up(t)||s <

ft{S(t +h—1)—-S(t—1)}F(r)dr
0 S

11;—

t+h
+ J S(t+h—-1)F(r)dt

S,

12::

Using the M-Test of Weierstrass we get

I

IA

j IS(t + h —T)F(t) — S(t — T)F(7)|| dt

s S fa-gedo
= T S —2

since 36 > 0 such that:
if |h| < 8 then ||S(t + h—T)F (1) = S(t —D)F@)|ls < % VT € (0,1).

Using the mean value Theorem in H,,, we obtain

t+h
E'J S(t+h—1F@dr - SOF() = F(b)

when h — 0. Then

t+h 1 (tth
f S(t+h—T)F(T)dT=£-Ef S(t+h—1)F(t)dt - 0
t t

-0

—>F(t)
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when h — 0. So, we have

-0

S

12=

t+h
f S(t+h—-1)F(r)dt

whenh — 0.Thatis [, < %whenever |h| < 6.

Therefore, |up(t + h) — up(t)”S < I, + I, < € whenever |h| < min{d, 6*}.
From definition of u, (t) we have u,,(0) = 0.

Now, we will prove that 3 d,u, (t) in Hj;/? . In effect

Uy (t + h) —uy(t)
h

= %{Lt+h5(t+ h—1)F(t)dt — f

0

= %{fot{S(t+ h—1F()—-S{t—-1)F(t)}drt+ j;

tS(t — ‘L')F(‘L')d‘[}

t+h

S(t+h— T)F(T)d‘[}

t+h

t
= %fo {St+h—-—7)F(()—-S(t—-1F()}dr+ Eft S(t+h —1)F(7)dr.

Using the mean value Theorem in H;,? we obtain

1 t+h
E'f S(t+h—1)F@dr - S(OF() = F(t)
t

whenh - 0.
Since

S(t+h—1)F(t) —S(t—1)F(1)
h

converges uniformly to 9,{S(t — T)F(v)} in H;,? VT € [0, t], we obtain that

J‘tS(t +h—17)F(t) - S({t—1)F(1)
A dt
0

converges to fot 0:{S(t —t)F(t)}dTt whenh - 0.

(3.3)
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Now, we remark that 0,{S(t — ©)F (1)} = (ind7)S(t — ©)F (7) — iaS(t — T)F(7) in Hyz7 .

Since (iud?2) is a closed operator, then

t t
f (iud2)S(t — 1)F(t)dt = (iud2) f S(t —1)F(7) dr.
0 0

Therefore,

f 0{S(t —1)F(1)} dt = (i,uc'),?)f S(t—1)F(r)dt — iaj S(t—1)F(1) dr.
0 0 0

Up ®)= Up ®)=

That is,

. dr = (ipd)uy(t) — iau,(t) (3.4)

tS(t+h—1)F(1) =St —1)F (1)
J
when h - 0.
Finally, in H3;? , using (3.3) and (3.4) we get
Uy (t + h) —uy(t)

h-0 h
atup (t) =

= (ipd2)u, (t) — iau,(t) + F(t).

Using the inequality [|05* fls—m < lIflls,Ym € Z*,V f € Hp,, , we obtain
|0su, (€ + B) — atup(t)”S_Z

= ||iud2)u, (¢ + h) — iau,(t + k) + F(t + h) — {(ipd2)u, (t) — iau, (t) + F(t)}”s_2
< NF(E+h) = FOlls—z + [|@uoD){u, (t + h) —upy O}, + [lia{ up(t + ) —w, O],

= IF(t+h) = FOlls— + lul][02{ up (t + B) =, O}, +lal [[{up(t + ) —wp, O},
< NIF(E+h) = F@Olls—z + lul]| up (& + 1) = upy O]+ lel|| ¢+ B) —up @) -

. -1 -2
So, since u, (t) € Hyer © Hypz © Hypz?,wehave

||6tup(t + h) — 0cu, (t)”s_2
< NIF(E+h) = FOlls—2 + (ul + laD|| w, (¢ + B) —u, ()]
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Now, since F:[0,T] = Hpz? and u,: [0,T] = Hj,, are continuous, then d,uy,:[0,T] = Hyz? is
continuous for t € [0,T], thatis, 0,u,, € C([0, T], Hyz?).

Therefore, u,, € C([0,T], Hyer) N CH([0,T], Hye?) -

Theorem 3.2
Let s a fixed real number, ¢ € Hy,, , F € c([o, T],H;er), where T>0 and {S(t)}:cx the unitary
group of class C, in H;,, as in Theorem 3.1, then

The function

t

uf () =S(t)p + f S(t—1)F(r)dt,t € [0,T] (3.5)
0

up(t)=
belongs to C([0,T], Hper) N C1([0,T], Hyz?) and u” (t) is the unique solution of

Uy — ipdiu + iau = F(t) € Hyp? (3.6)

F
(Q3) 2(0) = ¢

with the derivative given by

u(t+ h) —u(t)

N — iudZu(t) + iau(t) — F(t)

= 0. (3.7)

S—2

h-0

The map Y - u is continuous in the following sense. Let Y; € Hy, , F €
C([O, T], ngr) para j = 1,2 then u; and u, the corresponding solutions to initial data 1, and
1,, and with non homogeneity F; and F, respectively, satisfy

lluy (£) — w2 (Ol
supeeporllug (t) — ux (O |15

||u1_u2||oo,s=

1 = alls + TlIF — Follos, t € [0, T, (3.8)
1 = alls + TIIFy = Fpllo,s (3.9)

IA 1A

[10¢us (8) = Oeu (D)1l

< (lul + laDllus (@) = u,Olls + IFy = Falleo,s—2 .t € [0, 7],
< (lul + laDllus = uzlleos + [1F1 = Falloo s
< (lul + 1Dy = Yallo,s + (Upl + DT + V)IF; = Falloo,s (3.10)

where we have used the notation

Il = supeeroryllR(®)lr, b € C([0, T], Hpr)- (3.11)
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Proof:
We work the following steps.

Let u(t) = uf (t) = S(t)¢ + u, (), we will prove thatu € C([0,T], Hser) N C1([0,T], H3z?2).
In effect, as S(-)p € C([O, T],H;er) and u,(:) € C([O, T],H;er) then u(:) = SC()p +u, () €
([0, T1, Her)-

Moreover, as
SO € ([0, +), H5z2) and u, () € C*([0, T], H32
then
u() = SO +u, () € C*([0,T], Hyz?).

We will prove that u is the solution of (Q%). In effect, we know that 39,S(t)¢ and 30,u,(t) in
H;.? , then
deu(t) = 0 S()@ + drup(t)

up()=
= ipdzuy(t) — iaup(t) + ipdzu, (t) — iau,(t) + F(t)

= ipd2{un(®) + u, (O} — iaf{un(0) + u, (O} + F ()
= ud2u(t) —iau(t) + F(t)

in H;grz , where u, (*) is solution of the homogeneous equation ( Q5 :== Q3 ).
Also, u(0) = up(0) +u,(0) =+ 0=9.

Lety; € Hy,, and F; € C([0,T], Hy,,) for j = 1,2, then

t

u;(t) = SOY; + jo St —1)F(r)dr

is solution of (Q?) with initial data u;(0) = S(0)y; = ¢;, forj = 1,2.

Then
uy () — ux () = S(O{W1 — Yo} + J St — ){F.(r) — F(1)}dr.
0

From where we obtain, for t<T:

lug () —u(O)lls < 1SE{P1 — Y235 + J 1S(t = D{F1 (1) = F(D}]sdt
0
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t
11— alls + f IF,(0) — Fy(0)llsde
0

IA

t
s = Palls + supeeon IF: (@) = By (Dl f dr
0
19 = Polls + T - suprerorIF (@) = F (@l

IA

Therefore,
SupTE[O,T]”ul(t) —u(Olls < Y1 = Polls + T - SuPre[o,T]”F1(T) — F,(@ls.

On the other hand, in ng—rz we have

deu;(t) = Orup,j(t) + 0cuy ;(£)
= (02 Tun ;O — iy ;) + (102 Ty 5 (6) — iy (6) + F (6)
= [ipno7]u;(t) — iau; (t) + Fi(t) .

forj =1,2.So,
0euy (t) — Opuy (t) = [ip02 g (8) — up (O} — ia{uy (8) — up (O} + {F1(t) — F2(0)}.
Taking norm, we obtain

10¢us (t) — 0puz (D)]l5—2
= [I[ipd2 Hu, () — ux (0} — iaf{u, () — ux ()} + {F1(t) — F ()} ls—2
< ipdf{uy (8) — up (O3s—z + llafug (8) — uy (O3 ls—2 + IFL(8) = F(O)l5—2.

Using

107 flls—2 < Iflls,V f € Hyer and Hyer © Hped © Hpo?,
we get

[10,u; (t) — Opuy (D) l5-2
< lulllug (0) —u (Olls + lalllug (@) — ux (Olls—2 + |1F1 (&) — F(0)|l5-2
< (Jul + laDllug (0) — u (Olls + supeefo,nlF1(6) — F2(O)lls—2
< (lul + laDllug — uzlleos + [1F1 = Falloos

< (lul + laDllps = alls + ([(ul + 1aDT + DI[F; — Fllos-
[}
Remark 3.1

Inequality (3.8) says that the solution of the non homogeneous problem (Q%) continuously
depends on the initial data and the non homogeneity F, in compact intervals.
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Corollary 3.1:
The problem (Q%) has a unique solution.

Proof:
This follows by applying inequality (3.8) with i, = ¢, =¢pand F;, = F, = F .

Corollary 3.2:
The unique solution of (Qf) is

+o0
u(t) = z e_i“kzte_iat¢(k)‘/’k
k=—o00
t &%
+f z e_mkz(t—r)e—i“(t‘f)ﬁ'(k,T)Q”k dr,
0

k=—o0
where @ (x): = e™** for x € R.

Conservative Property of The Homogeneous Problem
Lets € R,u > 0,a > 0 and the homogeneous problem

w € C(R,Hier) N CY(R, H3z?
(Q3) | 0w — indiw + iaw = 0 € Hy.7?
w(0) = ¢ € Hp,,

Theorem 3.3:
Let w the solution of (Q3) with initial data ¢ € Hy,, then we obtain the following results:

B llw(D)lZ, = 0.
W(©lls—2 = llglls—z < llgll, Ve € R.

Proof:
As H;,, © Hj.7 then the following expressions: (9, w, w);_, and (w, 9,w)_, are well defined.

So, we have

ollw®li-, = 0w (£), w(t))s—2
(0w (), w(t))s—2 + (W(t), 0 w(t))s-2
2Re (0,w(t),w(t))s_,.(3.12)

Also, we obtain
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@wO W) = 21 ) (1+kD2Fw0) - B0

k=—o0

— 2 z (1 + kDS 2(ik)2w (k) - W)

k=—o0
+ 00
- — 21 Z (1 + k)5 22| (k)2 . (3.13)
k=—o0

b=

Now, we will prove that the series of the equality (3.13) is convergent. In effect, using the
inequality: |k|* < |k|* = (Jk|*)* < (1 + |k|*)? and w(t) € H},, we have

Z (1 + k2)S-2k2| @ ()|

k=—o0

+00
< > A+ ERPRGO1

k=—o0

+ o0

< ) A+ETA+ DR
kZoo
1
= > A+ EPIREOP = WO < .
k=—o0

Then the series (3.13) is convergent, that is,

(32w(t), w(t))s_y = —b ,with b € R* . (3.14)

As d,w(k) = ikw(k) and d,w(k) = —ikw(k), then their product is

d.w(k) - a,wk) = k2w(k)w(k) = k2|w(k)|?. (3.15)
Substituting (3.15) in (3.13) we obtain

+ oo

_on Z (1 + k252 dow(k) - w (k)

k=—o0

(07w (t), w(t))s—,

= =< 0,W,0,W >, ,
—lo,wlli_, < 0. (3.16)

ObViOUSly ”axW”s—Z < oo since ”axW”s—l < o and ”axW”s—Z < ”axW”s—l .

From (3.12), using d,w = iudZw — iaw and the equality (3.16) we get
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dellw®l3-, = 2Re (0w (t), w(t))s—2
= 2Re (ind2w(t) — iaw(t), w(t))s_,
= 2uRe{i{0Zw(t),w(t))s_,} — 2aRe{i < w(t).w(t) >,_,}
= 2uRe{— il|,wl|2_,} — 2aRe{illw|2_,} =0-0=0.

Therefore, ||w(t)||2_, is a constant. Then, ||w(t)||2_, = |lw(0)||2., , YVt ER.
As

(w@lls—2 = lIw(O)ls—2) (IwDlls—2 + llw(0)lls—2) = 0,
we have

lw(©lls—2 = lIw(0)ls—2 < [[w(0)lls, vt €R.

Thatis, [w(®)ls-z = llells-z < ll@lls, vVt €R.
n
Corollary 3.3:

[Continuous dependence of the solution of (Q3)] Let u and v solutions of (Q3) with initial data
Y, and Y, in Hj,, , respectively. Then the following assertions hold

Acllu(®) — vz, =0
and

[u@®) =v®lls—2 = 1 = Yalls—2 < lp1 = P2lls. t €R. (3.17)

Proof:
Define w := u — v then w satisfies

0w — iud2w + iaw = 0

w(0) = Y — P,.
We conclude using the Theorem 3.3.

Corollary 3.4:
[Uniqueness of solution of (Q3)] The problem (Q3) has a unique solution.

Proof:
In effect, let u and v solutions of (Q3) with the same initial data, thatisy; =¥, = .

URL: http://dx.doi.org/10.14738/aivp.1206.17880 163



European Journal of Applied Sciences (EJAS) Vol. 12, Issue 06, December-2024

From (3.17) we obtain ||u(t) — v(t)|ls—2 < ||0]ls = 0. Then, [|u(t) — v(t)||s— = 0. So, u(t) =
v(t),Vt € R, thatisu = v.

Generalization of Results for Generalized Schrodinger Type Equation

Theorem 3.4 Let s a fixed real number, n an even number not multiple of four, F €
C([O, T],H;er), where T>0, {7 (t)};er the unitary group of class C, of homogeneous case (F =
0), introduced in the Theorem 4.1 from [4], and

t

uy(t): = .[; T(t—1)F(1r)dt.

Then w, € C([0,T], Hy.r) N C1([0,T], Hz7) and satisfies

Ocuy — iy uy + lau, = F(t) € Hp (3.18)
u,(0) =0
with the derivative given by
. up(E+h)—up(t) _ioan . _ _
lim [ — oy, + iau, F(t)”s_n =0 (3.19)

Theorem 3.5:

Let s a fixed real number, ¢ € Hj., n an even number not multiple of four ,F €
c([o, T],ngr), where T>0, and {7"(t)};cx the unitary group of class C, in H,, as in Theorem
3.4, then

The function

uf () =T (e + ftT(t —17)F(7) drt,t € [0,T] (3.20)
0

up(t)z
belongs to C([0,T], Hyer) N C*([0,T], Hyz*) and

uf'(t) is the unique solution of

Uy — iudyu +iau = F(t) € Hyp'

(Qn+1)
¢ u(0) =¢

(3.21)

with the derivative given by
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u(t+ h) —u(t)
h

— iuotu + iau — F(t)

lim =0. (3.22)
s—n

The map ¢ - uis continuous in the following sense. Lety; € Hp,,, F; € C([O,T],H;er),j =
1,2 then u; and u, the corresponding solutions to initial data y; and ¥),, and with non
homogeneity F; and F, respectively, satisfy

lluy (8) — uz(Olls
supeeqorllun (8) — w2 (O)lls

||u1—u2||oo,s=

1 = Walls + TIIFy = Falleoss t € [0,T],  (3.23)
11 = Y2lls + TIIFy = Fzlleo s (3.24)

10wy (t) — Ot (D)l s—n
< (lul + laDllug (8) —u(Olls + 1F; — Folleos—n ,t € [0,T],

< (lul + laDllug = uzlleos + 1F1 = Folloos
< (lul + laDlr = Yalleo,s + {(pl + 1@DT + BIF = Fleo,s (3.25)

where we have used the notation

IRl = subeerorllR(®)lly, h € C([0,T], Hper ). (3.26)

Remark 3.2:
Inequality (3.23) says that the solution of the non homogeneous problem (Qf, ;) continuously
depends on the initial data and the non homogeneity F, in compact intervals.

Corollary 3.5:
The problem (QZ, ;) has a unique solution.

Proof:
This follows by applying inequality (3.23) withy; =y, =@ and F;, = F, = F .

Corollary 3.6:
The unique solution of (Q%, ;) is

+o0
u(t) = Y e e (k)
k=—o0
t
+ f 2 e WK (t=D =la(t-DF (K, 7)), dr,
0

k=—o0

where ¢, (x): = e** for x € R.
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Conservative Property of The Problem (Q,,,1)
Let s € R, n an even number not multiple of four and the homogeneous problem

w € C(R, Hyer) N CY(R, H3z"
(Qns1) | 0w — iudiw +iaw = 0 € Hp.
w(0)=¢ € Hper .

Theorem 3.6:

Let n is an even number not multiple of four and w the solution of (Q,,;1) with initial data ¢ €
Hy., then we obtain the following results:

Ocllw(®lI-n = 0.

Iw(@Olls-n = ll@lls—n < ll@lls, VE ER.
Proof:
The proof is analogous to the proof of Theorem 3.3, noting that (ik)" = —k™,Vk € Z when n is
an even number not multiple of four and k"2 > 1,Vk € Z — {0} when n is an even number.
|
Corollary 3.7:

[Continuous dependence of the solution of (Q,+1)] Let u and v solutions of (Q,,,,) with initial
data ¥, and 1, in H;,, , respectively. Then the following assertions hold

Oellu(t) —v(Oll3-, =0
and
lu(@®) = vOlls—n = lp1 — P2lls—n < llp1 — P2lls, t ER. (3.27)

Proof:
Define w := u — v then w satisfies

0w — iuogw + iaw =0

w(0) = Y — P,.
We conclude using the Theorem 3.6.

Corollary 3.8:
[Uniqueness of solution of (Q,,+1)] The problem (Q,,;1) has a unique solution.

Proof:
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In effect, let u and v solutions of (Q,,,,) with the same initial data, thatis ¥; = ¥, = 1.

From (3.27) we obtain [[u(t) — v(t)|ls—,, < ||0]||s = 0. Then, |Ju(t) — v(t)|ls—n = 0.So, u(t) =
v(t),Vt € R, thatisu = v.

Remark 3.3:
Results analogous to Theorems 3.4 and 3.5 are obtained when n is an even number multiple of
four, where the solution non-homogeneous is V. (t) = V(t)¢ + V,(t) with

o v
V(g = [(e e (k)), ., |
for the initial data ¢ € Hp,, and V,(t): = fot V(it—1)F(t)dT.

Remark 3.4:
Results analogous to theorem 3.6, Corollaries 3.7 and 3.8 are also obtained when n is an even
number multiple of four, in this case, note that (ik)" = k™.

CONCLUSIONS
From our study of the Schréodinger type equation in periodic Sobolev spaces, we have
obtained the following results:

1. In Theorem 3.1 we obtain a particular solution of (Qf) using calculus in Hjer and
Sobolev inmersion.

2. In Theorem 3.2, using the Fourier transform, we proved that the non homogeneous
problem (Qf) is locally well posed in compacts, obtaining continuous dependence with
respect to the initial data and the non homogeneity.

3. We showed the conservative property of the homogeneous problem, which allowed us
to deduce the continuous dependence (with respect to the initial data) and uniqueness
solution of (Q5).

4. We obtained results analogous to Theorem 3.1, Theorem 3.2, Corollary 3.1, Corollary
3.2, Theorem 3.3, Corollary 3.3 and Corollary 3.4 for the n-th order Schrodinger type
equation when n is an even number not multiple of four.

5. Finally, we gave some remarks about the n-th order Schrédinger type equation when n
is an even number multiple of four.
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